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Shunts and Inductors for Surge-Current Measurements 
By John H. Park 


The special requirements that must be fulfilled by a shunt intended to be used in surge- 
current measurements are explained. A tubular shunt with coaxial potential leads that 
meets these requirements is described, and factors affecting its design are discussed. A 
theoretical derivation of the “skin effect’’ in this type of shunt at high frequencies is given 
in one of the appendices, 

The advantages of using a mutual inductor for obtaining oscillograms of the rate of 
change of current during a surge are outlined, and several types of mutual inductors developed 
especially for this purpose are described. Theoretical derivations, given in the appendices, 
indicate that the concentric-tube mutual inductors described in this paper can be used to 


measure the high-frequency components of a current surge up to 70 megacycles with less 


than 10 percent error. 


Several shunts and mutual inductors of the designs described in this paper were con- 


structed for use in the high voltage laboratory at the Nationa) Bureau of Standards. 


Their 


complete description and oscillograms showing results obtained with them are included. 


I. Introduction 


Surge-current generators are widely used in 
high-voltage laboratories to simulate the heavy 
They 
are regularly employed in testing protective de- 

ces that are intended to withstand lightning dis- 


irrent component of a lightning discharge. 


charges and in determining the effects of heavy- 
rent discharges on various materials and ap- 
paratus. In order to correlate the test results 
‘btained in various laboratories, it is necessary 
to know the magnitude and wave-form of the surge 
current used in each test 
A generally accepted method of measuring 
heavy-current surges is to insert a shunt in the 
scharge circuit and to apply the voltage drop 
ross this shunt, through a suitable cable, to the 
flecting plates of a cathode-ray-oscillograph 
capable of recording the variation of this voltage 
ith time. The over-all accuracy of this method 
s dependent upon the three components used in 
measurement: the cathode-ray-oscillograph, 
ble, and the shunt. 
development of the cathode-ray-oscillograph 
present state of efficacy has involved years 
k of a large number of experimenters and 
ts. At the present time there are several 
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types of oscillographs having recording speeds and 
response accuracies suitable for surge measure- 
ments. In general they may be classified as (1) 
the high-voltage cold-cathode type with the re- 
cording film inside the vacuum chamber, (2) the 
hot-cathode type with the film inside the vacuum 
chamber, and (3) the hot-cathode sealed-tube type 
using a fluorescent screen photographed by means 
Results reported in the 
present paper were obtained using an oscillograph 
of the first type; however, with slight modifica- 


of an external camera. 


tions in design constants the apparatus to be 
described would be equally suitable for use with 
other types of oscillographs. 

In order to facilitate safety precautions and to 
allow one cathode-ray-oscillograph (CRO) to be 
used with any one of several surge generators, the 
oscillograph is usually located at some distance 
from the surge generator and its potential divider 
and/or shunt and a cable (40 to 100 ft. long) is used 
to connect them to the deflecting plates of the 
oscillograph. The purpose of this cable is to 
reproduce the voltage drop across the shunt, at 
the deflecting plates of the oscillograph without 
distortion, and it must not introduce other volt- 
ages by induction from nearby currents. The use 
of coaxial-ty pe cables reduces inductive effects to 
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a minimum, and when constructed with insulating 
material of low dielectric loss, such as polvethyl- 
ene, coaxial cables are capable of transmitting all 
components of a surge up to at least 100 mega- 
cveles sec over the distances required without 
significant attenuation. The terminations of the 
cable, at the shunt and at the oscillograph, are 
both important. 

Various types of shunts have been used for 
measuring heavy-current surges [1,2,3],' and long 
before surge generators were in general use, the 
design of alternating current shunts to insure low 
residual inductance was given considerable at- 
tention [4,5]. Thus, the design of the shunts now 
in use at this laboratory for surge-current measure- 
ments is based on experience with shunts used for 
measuring large alternating currents as well as 
on subsequent experience in the field of surge- 
current The paper will 
discuss the design of surge-current shunts, describe 


measurement. present 


those constructed, and indicate the results ob- 
tained with them. 

This paper will also describe a new design of 
mutual inductor for measuring rate of change of 
current. Because it tends to magnify the high 
frequency components in current waves it has 
been useful in their measurement. 


II. Factors To Be Considered in the Design 
of a Shunt 


1. Choice of the Best Type 


In choosing the best type of design for a shunt 
to be used in measuring surge currents the three 
most important requirements are (1) the effective 
impedance considered as a 4-terminal network 
must be constant over as great a range in fre- 
quency as possible, (2) inductive effects of parts 
of the current circuit, other than the shunt, upon 
the potential-lead circuit of the shunt should be 
a minimum, and (3) it must be possible to connect 
the sheath of the cable from the shunt to the 
CRO, to ground at or near the shunt without in- 
troducing induced voltages in the shunt potential 
circuit (this is desirable to minimize the flow of 
ground currents in the sheath of the cable which 
might cause induced voltage at the CRO plates). 

In order to determine compliance with require- 


ment number one, the configuration of the shunt 


Figures in brackets indicate the terature references at the end of th 


paper. 
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should preferably be such that its inductance: and 
skin effect can be computed for as great a range 
in frequency as possible; otherwise the comps risop 
of various types of shunts would require the actya! 
construction of a large number with subsequen: 
Two general types 
lend themselves to computations: (a) the con- 
centric tubular and (b) the flat strip. Illustra. 
tions of these, giving the methods of attaching 


Anothey 


experimental comparisons. 


potential leads, are shown in figure 1. 














(Cc) 


FiGure 1.— Three types of shunts whose inductance and s/ 


effect can be computed. 


a, Concentric-tube shunt; b, flat-strip shunt; c, flat strip shunt wit! 
tial leads arranged to give minimum inductance 


tvpe of shunt used by Bellaschi [1] in surge meas- 
urements consists of several twisted “hairpin 
loops of resistance wire connected in parallel «! 
the current terminals. This type of shunt has 
been found suitable for most surge-current meas 
urements, but its inductance and skin effect cat 
not be accurately from theoretic: 
formulas. An approximate theoretical comput: 
tion by Brownlee [2] indicates that the twiste 
loop shunt would probably have a somewh 
larger time constant than a flat strip shunt 
Theoretical formulas for computing the indw 
tance (assuming uniform distribution of curren! 
and skin effect (for a limited frequency ra 

the concentric tubular and flat strip shu 


computed 


Journal of Research 





f 
ol 


tent 

with re 
later, s¢ 
parison 
To ct 
ance as 
flat-strij 
assumes 
‘ompull 
A conce 
resistam 
ohm em 
and wall 
example 
for use 1 
purposes 
was the 
whose W 
of the ta 
was take 
not affee 
times tl 
time col 
the the 
tribution 
L/R | 
L/R=0.3 
evele as 
were (1) 
for the 
remembe 
accurate 
impedance 
DeCAUSE § 
a nonuni 
the thick 
theoreties 
tion do n 
iis cood 
the auth 
serve the 
tWo type 


much low 


available.2* As suggested by Silsbee * a 
hunt with potential leads attached as shown 
ire 1. ce, could be designed so as to have zero 
ive inductance by a suitable choice of values 


and lb. 


tential leads prevents the shunt from complying 


However, this arrangement of po- 


> 


with requirement (3) 
later, so it is not considered in the following com- 


above, as will be explained 


parison of coaxial tubular vs. flat-strip shunts. 
To compare the constancy of effective imped- 
ince as frequency changes, for the tubular and 
lat-strip shunts, two typical designs of shunt were 
assumed and their inductance and skin effect 
omputed from the formulas referred to above. 
in which the 
22.9x10~° 


ohm em) tube whose outside diameter was 0.25 in. 


{ concentric tubular shunt (fig. 1, a 
resistance material was a CuNi alloy (p 


and wall thickness was 0.008 in. was chosen as one 
example because such a tube was readily available 
for use in constructing a shunt. For comparison 
purposes a strip shunt was chosen whose thickness 
was the same as the wall thickness of the tube, 
whose width was the same as the circumference 
of the tube, and whose separation between strips 
was taken to be 0.01 in. (The shunt length does 
not affect these computations provided it is several 
times the largest transverse dimension.) The 
time constants for the shunts as obtained using 
the theoretical formulas assuming uniform dis- 
tribution of current were (1) for tubular shunt 
LR 0.0365x10~°; and (2) for shunt 
L R=0.218x10~°. The skin effects at t= 1 mega- 
vele as obtained from formulas given by Silsbee 
were (1) for tubular shunt R/PR,.—0.959; and (2) 
for the strip shunt R/R,.—0.955. It 


emembered that these results do not give an 


strip 


must be 


accurate evaluation of the constancy of effective 


mpedance at frequencies over 1 megacycle, 
because at such frequencies the skin effect causes 
i: nonuniform distribution of current density over 
the thickness of the tube or strip, for which the 
theoretical formulas used in the above computa- 
on do not hold 


is good at these high frequencies were known to 


ho published theoretical formu- 
he author. However, the above results should 
their purpose as a comparison between the 
types of shunts. The tubular shunt has a 


lower time constant than the strip shunt, 


”) of reference [4] for inductance of tubular shunt 


fa flat-strip shunt; p. 86 for skin 
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which means that its reactance will be negligible 
The skin effect 
at 1 megacycle appears to be the same for both 


over a higher frequency range. 


shunts, but the formula used in obtaining the 
skin effect for the strip shunt 
effects that are known to considerably increase ° 
Thus if 


would appear that the tubular shunt, as it has no 


neglects edge 
the skin effect at higher frequencies. 


edge effects, would have less change in effective 
resistance at the higher frequencies than the strip 
shunt. A decrease in both inductance and skin 
effect could be obtained by using a thinner strip 
or a thinner walled tube, but this cannot be carried 
to extremes because of the heat capacity require- 
ments of the shunt, which will be discussed later; 
any improvement made by this means in the strip 
shunt could probably also be made in the tubular 
shunt, though possibly not to the same extent. 
Thus, it would appear that either a coaxial tubular 
shunt or a flat strip shunt would satisfy require- 
ment (1) (stated above), but that the tubular 
desien would be preferable. 

As indicated above, the readily available theo- 
retical formulas are not capable of yielding the 
effective 4-terminal impedance of a strip or tubular 
shunt at frequencies of 1 megacycle or higher. 
Due to the axial symmetry of the tubular shunt, 
it is possible to develop a theoretical formula for 
calculating the impedance of such a shunt, taking 
into account the nonuniform distribution of cur- 
rent over the thickness of the tube (skin effect), 
which will hold for very high frequencies. The 
development of this theoretical formula (taken 
from hitherto unpublished notes of F. B. Silsbee) 
is given in appendix 1, and it permits the imped- 
ance of any tubular shunt to be computed for 
frequencies up to 10° or higher. The develop- 
ment of a similar formula for strip shunts would 
be much more difficult because of the lack of axial 
svmmetry. 

The inductive effects of current-carrying parts 
other than the shunt upon the potential lead cir- 
cuit of the shunt (requirement 2), are dependent 
upon two factors: (a) the mutual inductance 
of the current carrying parts upon any loop in 
the potential circuit of the shunt, and (b) the 
maximum rate of change of current with time 
in the current-carrying part 

The maximum rate of change of current occurs 


on the front of the current wave, and it is some- 


See reference [5], p. 86 and 87 














times taken to be the peak value of current divided 
by the time to peak. This is actually the average 
rate of change for the front of the wave, and any 
detailed study of the front of a current surge re- 
quires a more accurate basis for obtaining the 
maximum rate of change of current. Theoretical- 
lv, the maximum rate of change of current for a 
capacitance discharging through an inductance 
and resistance occurs at the instant the circuit is 
closed and is equal to the voltage, £, to which the 
condenser was charged divided by the inductance, 
L, in the discharge circuit. The total inductance 
of the discharge circuit of a surge-current generator 
can be as low as 2 wh, and with a maximum voltage 
of 100 kv the maximum rate of change of current 
would be 5x10" amp per second. Such a rate of 
change of current in the main current circuit would 
induce 50 v in the potential circuit of the shunt if 
the mutual inductance, \/, between the two cir- 
cuits were 0.001 wh. As a “pick-up loop” in the 
potential lead circuit of only 1 sq em area, placed 
very close to a current-carrying part, may have a 
mutual inductance of 0.002 uh (giving a peak in- 
duced voltage of 100 v), the extreme importance 
of minimizing mutual inductance between the 
potential circuit of a shunt and all current-carrying 
parts becomes apparent. If the surge generator 
discharge circuit is fairly long so that its total in- 
ductance is more than 2 wh, the maximum rate of 
change of current will not be correspondingly re- 
duced, because the stray capacitance across the 
discharge circuit will in effect short out the added 
inductance at the instant the surge is being 
initiated. 

Referring to figure 1, a, the potential circuit of 
a tubular shunt may be considered as an extension 
of the coaxial cable from the CRO, ending in a 
direct short circuit from the central conductor to 
the sheath. Due to the axial symmetry of this 
arrangement the mutual inductance between the 
potential circuit and any current-carrying parts is 
the lowest obtainable. Even when the sheath of 
the cable is connected to ground and ground 
currents flow in the sheath of the cable and in the 
outer current return tube of the shunt itself, these 
ground currents will not induce voltage in the 
potential circuit of the shunt provided the density 
of such currents is symmetrical around the axis 
of the shunt. End effects or concentration of 
current along one side of the shunt axis can be 
largely eliminated by extending the two current- 
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carrying tubes of the shunt several dian 
beyond the end of the central conductor 
serves as a potential lead. 

To reduce mutual inductance in the pot 
circuit of a strip shunt the potential leads ca 
taken off the strip as a central conductor and 
coaxial tube as shown in figure 1, b. There stil! 
remains the small loop formed by the resistanep 
ribbon itself which is in the potential circuit of 
the shunt and offers the possibility of inductive 
pick-up from such currents as might flow in th, 
sheath of the cable and one of the current leads 
up to the potential circuit. There is no way of 
separating the potential circuit from end effects 
arising from such currents in a_ strip shunt 
Although a strip shunt could be built with very 
low inductive pick-up between its potential circui! 
and current-carrying parts, the tubular shunt is 
the only design offering the possibility of entirely 
eliminating such inductive effects. 

In order to understand the importance of being 
able to ground the sheath of the cable going from 
the shunt to the CRO at or near the shunt (re- 
quirement (3) above), it is necessary to consice! 
the entire surge-current generator circuit. A 
schematic diagram of a surge-current generator is 
given in figure 2. The heavy lines show the path 
of the surge current from capacitor, C, through th: 
tripping gap, test specimen, measuring shunt and 
No ground con- 


ers 


hat 


itial 
l be 


the necessary connecting leads. 
nections are necessary to complete the heavy- 
current discharge circuit, but this circuit is usually 
tied to the ground or the floor of the laboratory at 
some point between the low-voltage terminal o! 
the capacitors and the test specimen in order to 
complete the charging circuit and to definitely fi 
the potentials of various parts of the discharg 
circuit with respect to ground. The self-n 
ductance of the conductors forming the dischary 
circuit will depend upon their cross-section, lengt! 
and arrangement. Assuming the conductors to 
be of round cross section \% in. in diameter, thet! 
inductance is 0.01 « h per cm length for a return 
at a considerable distance. For the maximum rat 
of change of current 510" amp per second, this 
means the maximum voltage difference betwee! 
two points 1 em apart on this discharge circuil 

500 v. Thus, if the discharge circuit were grounde 
at point g in figure 2, a shunt located only 10 em 
from point g would be 5,000 v above ground xs th 
discharge is initiated. This voltage will tend \ 
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make current flow in the sheath of the cable from 
the shunt to the CRO, through the ground con- 
nection at the CRO and back to point g through 
the laboratory grounding system. Due to the 
stray capacitance ((, in fig. 2) from the lower ball 
of the tripping gap and parts of the discharge 
circuit to ground, this voltage will be of a high 
frequency oscillatory type occurring just as the 
main current discharge is initiated and any cur- 
rents caused by it will induce voltages of the same 
haracter in any circuit coupled with them. In 
rder to minimize such inductive effects at the 
CRO it is necessary that the cable from the shunt 
» the CRO have its sheath grounded at or near 
In order to reduce the effect of stray 
ipacitance (C, 


he shunt. 
in fig. 2) it may be desirable to 
zround other points in the discharge circuit, such 
3”, in addition to the sheath of the cable. Thus, 

best type of shunt would be one which would 
low any or all of these ground connections to be 
ade and still have minimum pick-up due to 
duced voltages from ground currents. 

ln figure 2, all of the three types of shunts 
istrated in figure 1 are represented as being 


ected in the discharge circuit of a surge 


ch 
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generator in order to help explain the effect of 
ground currents on each. 
most likely to cause inductive pick-up are those 
due to the high frequency oscillations arising 


The ground currents 


from the stray capacitance, C,, to ground. If a 
type C strip shunt were used, a consideration of 
the various possible ground connections in addition 
to the cable sheath ground at the CRO, leads to 
the following conclusions: (1) a single additional 
ground connection to the cable sheath at ¢ would 
not be suitable, because then ground currents 
from ©, would flow in one potential lead of the 
shunt and induce high voltages in the loop formed 
by the potential leads; (2) a single additional 
ground connection at g would still permit cable- 
sheath currents, which flow to ground at the 
CRO end of the cable, to flow through one of the 
shunt potential leads (actually this is better than 
no ground at g); (3) two additional grounds, one 
at g and one at ¢ would introduce a combination 
of the two above effects without eliminating 
either; (4) a single additional ground at d would 
reduce the inductive effects of ground currents 
but would not eliminate them entirely. 


Thus the use of a shunt of this type would pre- 
clude the experimentally desirable flexibility in 
location of ground connections. 

If a type B strip shunt were used, the same con- 
clusions given for the type C would hold except 
all inductive effects would be much less because, 
as may be seen from the diagram, the arrangement 
of potential leads insures a lower mutual induc- 
tance between the potential circuit and current- 
carrying parts. 

If a tubular, type A, shunt were used the ground 
current for any combination of ground connec- 
tions would be symmetrically distributed around 
the axis of the coaxial potential circuit, thus, 
theoretically at least, eliminating any pick-up due 
to these ground currents. 

The above considerations indicate that the co- 
axial tubular design is superior to other designs 
in surge-current measurement work because (1) it 
should be more constant in impedance over a wide 
range in frequency, (2) it can be constructed to 
insure minimum inductive pick-up from current- 
carrying parts of the surge generator, and (3) it 
offers the greatest freedom in location of ground 
connections at the surge generator. In view of 
these advantages it was decided to investigate 
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theoretically as well as experimentally the ad- 
vantages and limitations of concentric tubular 
shunts for surge current measurements, realizing 
that some of the derived relations would be appli- 
cable to strip-type shunts. 


2. Determination of Cross-Sectional Area 
and Length 


The cross-sectional area and length of a shunt 
are related as follows: 
V=lA 
R=pl/A 
where V is the volume of the resistance material, / 
its effective length, A the cross-sectional area, R 
the resistance, and p the volume resistivity. 
Solving for A and / 
Vp 
A=-| (1) 
VR 


_ JVR " 
l “y > (2) 


The resistivity, p, is a constant of the shunt mate- 
rial, and it is well to choose a material having as 
high a resistivity as possible. The resistance of 
the shunt is determined by the maximum current 
to be measured and the maximum voltage that 
can be recorded at the CRO. The volume of the 
shunt resistance material is fixed by the largest 
amount of energy that must be absorbed by it dur- 
ing a single discharge of the surge generator. <A 
reasonable temperature rise of say 100° C allows 
a thermal input of 100 times the specific heat times 
the mass of the shunt material. For most metals 
the specific heat is about 0.1 and density is 9, so in 
general the maximum allowable thermal input to 
the shunt would be 90 times V,, in calories for V in 
The maximum energy fed into 
the shunt during a single discharge is equal to the 


cubic centimeters. 


energy initially stored in the surge generator capac- 
itors (1/2 C E*), times the resistance of the shunt 
divided by the minimum effective resistance of the 
As this minimum effec- 
tive resistance is usually at least twice that of the 


surge-generator circuit. 


shunt, the maximum shunt input energy may be 
taken as 1/4 C E*. When the volume of shunt 
material computed from this energy input is in- 
serted in the above equations, approximate values 
of Zand A for the shunt are determined. It is best 
to choose the thinnest wall tubing available having 
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approximately this cross-sectional area as {hp 
thinner the wall the slower the change in effe: ‘iy, 
impedance as the frequency is increased (spp 
appendix 1). The limit on wall thinness is set by 
magnetic stresses, to be discussed later. . 

If for practical reasons the values actually chose; 
for / and A differ markedly from the approximat 
values computed from eq 1 and 2 (this will neces. 
sarily be true if the preliminary value of 1 is too 
long for convenience or if tubing having approxi- 
mately the estimated cross-sectional area is not 
available) the allowable energy input should be 
This allowable 
energy input together with the resistance of the 
shunt and the maximum energy available from the 
surge generator ( CE*) determine a minimum 
effective resistance for the surge-generator dis- 
charge circuit. Except in cases where an oscilla- 
tory discharge with extremely low damping is 
required, this minimum effective resistance will be 


computed for the chosen values. 


exceeded. 
3. Forces on a Tubular Shunt 


When a heavy surge current is passed through 
a tube made of resistance material, it will be sub- 
jected to forces from two sources: (1) the action 
of the magnetic field produced by the current upon 
the current itself and (2) the thermal expansion of 
the tube arising from its sudden change in tempera- 
ture when the current is applied. The magnetic 
force acts as a pressure from the outside tending 
to collapse the tube. A formula for computing 
this pressure is derived in appendix 2. It depends 
upon the square of the current through the tube 
and upon its cross-sectional dimensions. Excep! 
for extremely high currents most thin-wall tubes 
available for use in a shunt would probably with- 
stand the pressure arising from the magnetic field 
however, in the design of any shunt, and especiall) 
in the case of a shunt made with extra-thin-wal! 
tubing, this pressure should be computed in orde! 
to make sure that the tube will not collapse. 

The sudden change in shunt temperature when 
the discharge occurs introduces a stress in the 
tube whose approximate value can be computed 
As the shunt tube itself is made of material having 
much higher resistivity than other current-carry- 
ing parts of the shunt and surge generator circu, 
it will momentarily attain a higher tempersture 
than its supporting parts during each currett 
discharge. This sudden change in tempers(vre 
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to increase the length of the tube, but it 


. so fast the tube does not have time to 
expand, and the tube is momentarily put in com- 
pression. The maximum compressive stress may 
be computed from the strain (total temperature 
hanve 7’, times coefficient of linear expansion, 6) 
wd the stress-strain curve for the shunt material. 
The tube will then behave somewhat like a spring 
yitially compressed and suddenly released; i. e., 
saves of stress will proceed along the tube, with 
the velocity of souad, being reflected at the ends 
and traveling back as tensile stress. The nature 
und magnitude of these stresses could be computed 
for any given tube if the exact masses connected 
to the two ends of the tube were known; however, 
the maximum stress would not be expected to 
greatly exceed the initial compressive stress that 
may easily be computed as noted above. Assum- 
¢ the shunt material to be perfectly elastic and 
that it will not be stressed beyond its elastic limit, 


the maximum stress will be 

S=ET%, (3) 
where / is the modulus of elasticity for the shunt 
If a value for S is taken equal to the 
maximum allowable stress (just below yield point) 
for the material being used, this equation gives an 
the shunt. For 
temperature rise 


material, 


illowable temperature rise fo 
most materials this 
100° C. This value could probably be 
xeeeded because of the high ductility of most 


allowable 


s about 


esistance alloys; thus if a minimum resistance is 
esired in the surge generator discharge circuit 
maximum energy in the shunt) it would be ad- 
maximum 
temperature rise or energy input experimentally. 


sable to determine the allowable 
This could be done by placing a sample of tubing 
i the same material and cross-sectional dimen- 
sions as the shunt tube in the discharge circuit of 
surge-current generator. The energy absorbed 
v the sample may be computed by multiplying 
the energy initially stored in the capacitors (\% 
k-) by the ratio of the resistance of the sample 
the total effective resistance of the complete 
including the 
The total effective resistance of the 


ve generator discharge circuit 
ple tube. 


ge generator can be deduced by using a shunt, 
lose resistance tube has a cross-sectional area at 
ast five times that of the sample tube, in the 
charge cireuit and taking oscillograms of the 
measurements of fre- 


se] e current From 
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quency and logarithmic decrement on these oscil- 
lograms, the inductance and effective resistance of 
the complete surge-generator discharge circuit can 
be computed. Thus, by starting with the surge 
generator capacitors charged to a fairly low vol- 
tage, /, and taking repeated discharges through 
the sample tube at successively higher values of 
the energy input at which the tube is broken or 
deformed may be determined. The safe allowable 
temperature rise for a tube of this particular 
material and size can then be stated. 

The experimental procedure just described was 
carried out for a %{¢-in. diameter CuNi alloy tube 
whose wall thickness was 0.039 em and length 33 
em. No evidence of tube failure except discolora- 
tion due to the high temperature was noted for 
energy inputs below 160 joules/centimeter (instan- 
taneous temperature rise of 400°C). However, after 
the first discharge at this energy input a slight bend 
in the tube was noted as though it were failing as a 
column in compression. After each discharge of 
successively higher energy input the bending was 
more pronounced and after a discharge at 268 j/ 
em (670° C temperature rise) in addition to the 
bending, decided crinkling and crushing were 
noted. The crushing was probably caused by 
magnetic forces acting at an instant when the 
tube was weakened because of its high tempera- 
ture. These values of energy input exceed what 
might be considered a desirable design value. 

The safe design value should be one that would 
not stress the tube beyond its elastic limit. This 
was determined in another experiment by measur- 
ing the length of the tube before and after each 
discharge. After two discharges, the energy input 
of each being equal to 60 j/em (150° C tempera- 
ture rise), no permanent change in length was 
For energy inputs of 100 j/em (260° C 
temperature rise) or greater an increase in length 


noted. 


of about 0.2 mm (0.6 percent) was noted after 
each discharge. Thus, it was concluded that the 
maximum allowable temperature rise for a shunt 
made of this material should be about 150° C, 
This is only slightly above the maximum value 
(133°C 


expansion. 


computed from the stress due to thermal 


4. Inductance and Capacitance Between Current 
Terminals 


Because of the method of attaching potential 
leads, the 4-terminal impedance of a tubular shunt 
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is constant over a wide range of frequency. How- 
ever, at very high rates of change of current (high- 
frequency components of the surge), the distrib- 
uted capacitance and inductance of the current 
circuit will cause variations in the root-mean- 
square values of these high-frequency components 
along the length of the shunt. That is, the in- 
stantaneous value of current along the length may 
differ from the value at the current terminals. 

This variation in the instantaneous value of 
current along the length of the shunt is, of course, 
entirely negligible at lower frequencies, but in 
order to determine the frequency at which this 
effect becomes appreciable a solution for the cur- 
rent and voltage along the length of the tube, 
assuming uniformly distributed inductance and 
capacitance only, was obtained (in a manner sim- 
ilar to that used in appendices 3 and 4). The 
current at the potential lead end of the shunt, 
Z,, was found to be 


/ 


F (4) 
cos wl VLC 


i 
where 
7.=current at current terminals; L=dis- 
tributed inductance per unit length of 
shunt; C=distributed capacitance per 
unit length of shunt; #=22f (f in cycles 
per second); /=length of current circuit 
in centimeters. 
For concentric tubes whose wall thickness is small 
compared to their diameter, the inductance and 
capacitance per unit length are: 


L=2 log, b/a 10~° henries (5) 
and 
0.555 
y . / 0 12 = . » 
ion 5 aX! farads (6) 


where a is the outer diameter of the inner tube, 
and 6 is the inner diameter of the outer tube. 
Multiplying eq 5 by eq 6 gives LC=1.110 107". 
Thus the quantity y ZC in eq 4 is a constant, and 
the variation in current along the length of the 
tubes depends only upon the length, /, of the tubes 
and the frequency of the current being measured. 
For shunts up to 100 em long, the maximum varia- 
tion in current is less than 10 percent for frequen- 
cies up to 21.5 megacycles. 

The voltage between the current terminals was 
found to be 
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E, jolI (1+" = P+... a (7 
The magnitude of this voltage does not affect the 
accuracy of the shunt, but it should be evaluated 
to indicate the insulation required between ey. 
rent terminals. For shunts up to 100 em long 
the quantity in the bracket of eq 7 reduces tp 
unity (within 5 percent) for frequencies up to \g 
megacycles. Thus this voltage may be taken gs 
equal to jwLlT or LidI/dt. The total inductance 
of the current circuit for any tubular shunt, 1 
may be computed from its dimensions by use oj 
eq 5, and the rate of change of current d/ i 
depends upon the particular surge generator being 
used and its discharge circuit. For a_ typica 
shunt, 100 em long, this inductance is abow 
0.14 10~-* henries, and for the maximum rate o! 
change of current assumed above (5X 10" amp/se 

the voltage between current terminals is 7,000 \ 


II. Description of Two Shunts 


There are two surge generators being used i: 
this laboratory at the present time. One is : 
2,000 kv generator capable of 
giving 30,000 amp on short circuit. The other is 
a 100 kv 10yuf surge-current generator capable of 


surge-voltage 


discharging a» maximum of 200,000 amp. It was 
TaBLe 1.—Constants of two tubular shunts 
Shunt A Shunt B 
Four-terminal resistance 0.044 ohm 0.0048 ob 
Over-all length 39 in 384 
Length of resistance tube 267ie in 247ie ir 
Diameter of outside tube 74 in 2in 
Diameter of resistance tube 4 in lin 
Wall thickness of resistance tube 0.008 in. (0.0208 | 0.024 
cm). cn 
Cross-sectional area of resistance tube 0.0392 sq em 0.469 
Resistance tube material on German silver | 80% Cu 
N 
Resistivity of resistance tube (micro-ohm | 23.33 36.3 
em) 
Ratio of a-c impedance to d-c resistance, | | 
at: 
f=0 25 megacycle 1.00 0.98 
f=0.50 megacycle 1.00 0.92 
f=1.0 megacycles 0.99 0.7¢ 
f=2.0 megacycles 0.96 0.48 
f=5.0 megacycles O86 0.15 
Allowable temperature rise computed 
from stress due to thermal expansion | 133°C 13 
Allowable energy input 1320 joules 4 
Current limit due to magnetic force 87,600 amp 22 
Potal inductance of current circuit | 0.202 wh 0.10" 
Maximum voltage drop at current ter- 
minals— JZ di/dt for di/dt=5x10 © amp/- 
sec . esti 10,000 v 


Journal of Research 





arch 








39 


@lu 








CABLE to CRO 


i. 


| 


(o) 










































a 4 
0 | 2 
aa Sa RESISTANCE TUBE 
SCALE 
in 
INCHES 
Figure 3.—Structural details of small tubular shunt, A 
See table 1 for additional dimensions and other constants 
Figure 4.—Structural details of large tubular shunt, B 
See table 1 for additional dimensions ind other constant 
CABLE to CRO 
0 | 2 
eR eres RESISTANCE TUBE 
SCALE 
in 
INCHES 


—_——— 3/7 


Slo 


eee 





4 








| 
W 
WO 
@luw 





La oa 





| RESISTANCE TUBE 


Ficure 3.—Structural details of small tubular shunt, 
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Figure 4.—Structural details of large tubular shunt, B 


See table 1 for additional dimensions and other constants. 
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Ficure 6.—Type I concentric tube mutual inductor. 
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Figure 7.—Type II concentric tube mutual inductor. 
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ht that at least two shunts would be needed, 
or currents from 10,000 to 50,000 amp and 
50,000 to 200,000 amp. 
ie CRO was capable of giving satisfactory 
ds over the range from 200 to 2,000 v when 


or currents from 


sed with a suitable potential divider at the de- 
ng plates, resistance values of 0.04 and 0.005 
hin were chosen for the two shunts that have been 
drawings of the 
unts are and 4. Their 
hvsical and computed constants are given in 
able 1 
small stock of readily available thin-wail tubes, 


ns ructed. Cross-sect ional 


shown in figures 3 
The resistance tubes were selected from 


cause at the time it was not feasible to wait for 

yecial tubes to be drawn. 

The ratios of a-c impedance to d-c resistance 
en in table 1 were computed from the theoreti- 
| formulae fre- 
wneies above 5 megacycles for the 0.04 ohm and 


derived in appendix 1. At 
megacycle for the 0.0048 ohm shunt, this ratio 


considerably less than unity. This fact is of 


® great concern in the measurement of the present 


andard impulse-current test waves for which the 
ndamental-frequency component is of the order 
100 ke or less; but the fact should not be over- 
‘kked that the magnitude of higher-frequency 
bmponents, probably present in such test waves, 
ay be considerably reduced on a comparative 
bsis. Other types of shunts, as they have some 
ductive coupling between their potential-lead 
cuit and current-carrying parts of the discharge 
reuit, may give an indication of these higher 
“juency superposed currents. However, this 
dication will depend, not upon the resistance of 
the 
etive coupling, and thus will give an erroneous 
A method of accurately 
high-frequency 


e shunt, but upon unknown value of in- 
a of their magnitude. 
the 


mponents consists of using a mutual inductor, 


termining magnitude of 


ving a known value of coupling with the current 
Mutual 


ve been constructed and are used at this labo- 


cuit, in place of a shunt. inductors 


ory. They will be discussed in section LV. 
The allowable energy input for these shunts was 
miputed from the allowable temperature rise (ob- 
d from the maximum stress due to thermal 
the mass of each shunt (actual 


nsion) and 


ies are given in table 1). These values are use- 
computing the minimum resistance that can 
ed in the discharge circuit of a surge generator 


ut overheating these shunts. As an example: 
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The surge voltage generator in this laboratory 
requires the dissipation of 33,300 j for each dis- 
charge when charged to full-rated voltage. Thus, 
when shunt A is used with this generator, the total 
resistance of the discharge circuit must be at least 
33,300 divided by 1,320 times the shunt resistance 
(0.04 ohm) or 1.01 ohms. 
for shunt B gives 0.107 ohm. As the minimum dis- 


A similar computation 


charge resistance of this surge voltage generator is 
6 ohms, either shunt may be used with any dis- 
charge circuit. The surge-current generator in this 
laboratory requires the dissipation of 50,000 joules 
when charged to full-rated voltage, thus the total 
resistance of the discharge circuit must be at least 
1.52 ohms if shunt A is to be used or 0.0165 ohm if 
shunt B is to be used. As the minimum discharge 
resistance of this surge-current generator is 0.03 
ohm, shunt B may be used with any discharge 
circuit, but shunt A should only be used when a 
resistance of at least 1.5 ohms is added (a resistance 
of about this value is needed to give a critically 
damped discharge). 

The current limitations on these shunts due to 
magnetic forces were estimated by the formula 
given in appendix 2. These limitations are above 
the values of current expected to be used with 
these shunts. The inductances of the current cir- 
cuits of these shunts were computed by using the 
formula given in eq. 5. The voltage drops com- 
puted from these inductances and the maximum 
expected rate of change of current indicate the 
desirability of having adequate insulation between 
the current terminals to prevent flashover. 


IV. Mutual Inductors for Measuring Rates 
of Change of Current 


1. General Considerations 


For many experiments involving heavy-current 
surges, it is desirable to know the wave form of 
the rate of change of current, for example: (1) in 
studying the voltage induced in a circuit coupled 
with the heavy current discharge circuit and (2) 
in studying the voltage difference arising from 
inductance between two points on a conductor ora 
system of conductors carrying the heavy-surge 
The rate of change of current can be 
the 
shunt, but this involves the 


current. 


computed from an oscillogram of current 
obtained by using : 
inaccuracy of measuring the slope of the current 


wave at a number of points and plotting a curve 
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from these measured values of slope. In addition, 
the high-frequency components of the current 
wave form as they appear in the oscillogram ob- 
tained with a shunt may be highly distorted or 
attenuated and give an erroneous value of rate of 
the point of 
A more accurate record 


change of current, especially at 
maximum rate of change. 
of rate of change of current can be obtained with 
much less effort by inserting the primary of a 
mutual inductor in the heavy-current discharge 
circuit in place of the shunt and connecting the 
secondary of this inductor to the cable to the CRO. 
The record obtained on the CRO is then equal to 
M dij/dt. If M (the mutual inductance of the 
inductor) is known, an actual oscillogram of the 
rate of change of current is obtained. 

A mutual inductor, to be considered satisfactory 
for this purpose, must fulfill the following re- 
quirements: (1) Its mutual inductance must be 
of suitable value to give the proper voltage at the 
CRO (from 500 to 2,000 in this case). For the 
expected rates of change of current (from 1 to 5 
times 10 ® amp per second) this amounts to about 
0.05 wh. This value of mutual inductance must be 
definite and should be computable from the 
physical dimensions of the inductor. 

(2) The primary circuit of the inductor must be 
capable of carrying the heavy current discharge 
and should add a minimum impedance to the 
discharge circuit. 

(3) The secondary circuit should have minimum 
coupling to all current carrying parts except the 
primary of the inductor. 

(4) The method of connecting the secondary 
circuit to the cable going to the CRO should be 
such that the sheath of this cable can be connected 
to ground near the surge current generator without 
introducing coupling between ground currents 
in the sheath and the secondary cireuit. 

(5) The secondary cireuit should have a mini- 
mum This may be explained 
as follows: The voltage to be measured at the 
CRO (M dI/dt) is impressed upon a circuit 
taining the self-inductance, LZ, of the secondary 


self-inductance. 
con- 


circuit and the surge impedance, R, of the cable 
to the CRO. 
impedance, RP, that is recorded at the CRO and its 


value is 


It is the voltage across the surge 


M dijdt 
' wh 
rs PR 


Ecro 


In order to have Eero equal to M dJ/dt for the jig! 
frequency components of J, it is apparent tha thy 
self-inductance, Z, of the mutual inductor second. 

low 
zero, the 


ary circuit should be kept as as pos-ibl) 
As pa hi hes 


frequency components of J are subject to a phase 


cannot be reduced to 
displacement and attenuation, the magnitudes 

which can be computed from the above equati 

for any assumed value of w= (2zf). 

A consideration of the various convention types 
of mutual inductors leads to the conclusion tha 
none of them will fulfill the above requirements 
satisfactorily. The most promising type appears 
to be one consisting of a straight single conducto; 
primary insulated from, and running through, t! 
central axis of a toroidal coil secondary of sufficient 
turns to provide adequate voltage at the CRO 
It was thought that by introducing shields ay 
connecting them to the primary circuit at 
appropriate point with respect to the grow 
connection, an inductor of this type might fulfi 
A pre- 
liminary design of an inductor of this type was 


most of the requirements listed above. 


carried out, but the self-inductance of its second- 
ary circuit had to be at least 2 wh in order to gis 
the desired value of mutual inductance. Why 
this value of inductance and 50 ohms for the CRO 
cable surge impedance, PR, are inserted in eq. § 
it is found that the voltage at the CRO is on) 


0.9 of au‘ 


I , 
; for a frequency of 1.8 megacyeles, fi 


t 
higher frequencies the attenuation would be muc 
mutual inductor of thi 


greater. The use of a 


type was, therefore, abandoned. 


2. Mutual Inductors of Special Design 


The first attempt to design a special mutu 
inductor to meet all of the requirements lis! 
above resulted in the inductor shown in figure ° 
The primary circuit is the straight length of \ 
10 copper wire (with the return cireuit at leas 
2 effect 
secondary circuit consists of the “CD” formed | 
part of the No. 10 wire and the No. 16 wire. The 
arrangement permits the magnetic flux linking 
secondary ‘‘D”’ 
infinitely long, straight conductor, neglecting t! 
effect of the return lead. The self-inductanc 
the secondary circuit is that due to the sing! 


away, its can be neglected). T! 


to be computed as that due to 4 


loop and can also be computed from its dimens' 


Journal of Research 





\n induce 
respond 
Its mutu 
uh and tl 
0.25 ph. 
siderably 
circuit: 
frequene| 
with only 
secondan 
by coax 
n it fror 
sheath. 
to fulfill 1 
fairly we! 
tory has 
records o 
Its outst 
onstructi 
The “C 
backs: (1 
magnetic 
parts of 1 
self-indue 
three time 
| should 
self-indue! 
Another 1 
vhich the 
irranged ( 
order to ¢ 
the sar at: 
A type 


nN heure 


Surge Cu 





$ ated Cu Wire 

¢ da Cu Tube 
wire \ id 
A | BP (ground) 
t 
\ = 1 ( 
\ 
Ley 
scale 
0 5 10 cm 
?) ! 2 3 4 inches 


4 )-t ypen uiual inductor used to obtain records of 


rate of change of surge currents. 


M =0.0086 wh 


\n induetor of this design, with dimensions cor- 
sponding to the scale in figure 5 was constructed. 
Its mutual inductance was computed to be 0.0986 
;and the self-inductance of its secondary circuit 
0.25 ph. 
siderably less than that of the toroidal secondary 


This value of self-inductance is con- 


reuit mentioned earlier, and as a consequence 
frequencies up to 15 megacycles will be recorded 
with only 10 percent reduction in magnitude. The 
secondary circuit is connected to the CRO cable 
iy coaxial leads, thus no voltage will be induced 

it from ground currents flowing in the cable 
sheath. 
to fulfill the requirements of surge current testing 


A mutual inductor of this type appears 
fairly well. The one constructed in this labora- 
ry has been of considerable value in obtaining 
cords of the rate of change of surge currents. 
Its outstanding advantage lies in simplicity of 
ustruction. 

The “‘D”’-type mutual inductor has some draw- 
wks: (1) it 
agnetic fields produced by other current-carrying 


is not completely unaffected by 


arts of the surge generator circuit and (2) the 
self-inductance of its secondary circuit is about 
three times its mutual inductance (as a minimum 
t should be possible to make an inductor whose 
lf-induetance is as low as its mutual inductance). 
\nother mutual inductor has been designed in 
vhich the secondary circuit consists of a tube 
anged coaxially with the primary conductor in 
rder to overcome the small defects inherent im 
’-type inductor. 

\ type I coaxial tube mutual inductor is shown 
igure 6. Tube A constitutes the primary cir- 
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cuit of this inductor (the surge-current return lead 
is again assumed to be located at least 24 in. away 
so its effect can be neglected). The secondary 
circuit of this inductor consists of the following 
parts: (1) tube, A, from a@ to 6, (2) a radial ring 
soldered on its inside to and around tube A at 6 
and soldered on its outside to and around the 
inside of tube, B, at ec, (3) tube B from ¢ to d, and 
(4) the four-wire radial “‘spider’’ connection from 
d on tube B, going through but insulated from 
tube, A, and soldered to the central conductor of 
the potential leads at f. The secondary terminals 
are thus at @ and f and are brought out through 
the concentric leads to the fitting for the CRO 
cable. How well this design of mutual inductor 
fulfills each of the requirements listed above mav 
best be seen by considering each requirement, as 
follows: (1) The mutual inductance can be com- 
puted as that due to the magnetic flux produced 
by current ina long straight conductor (tube A 
integrated over the region a 6 ¢ d a between the 
tubes. The mutual inductance thus derived in 
terms of the tube dimensions indicated on figure 
6 is 

M=2l log, 2 10-* henry (for J in em). 

r; 7 


There is a small correction to this value of indue- 
tance due to the thickness of tubes A and B, 
which can be computed by the method explained 
of reference [4]. For r,;=0.25 in. 
the length, /, of tube B should 
be about 7 in. to give a mutual inductance of 


on page 397 


and r2=1 in., 


0.05 wh. (2) Because of the method of bringing 
out the secondary circuit leads used in this design, 
tube A must be at least 0.5 in. in diameter, and it 
should be made of a good conducting material such 
as copper. The wall thickness of this tube is 
relatively 
wall copper tube can be used that is adequate to 


unimportant, and any ordinary thin 


carry the heavy current discharge without damage. 
(3) The secondary circuit except for the ring and 
spider are coaxial conductors and thus have mini- 
mum coupling to all currents not flowing in the 
inductor. Likewise the radial ring and = spider 
conductors are symmetrical about the axis which 
results In minimum coupling. (4) Also, because of 
the coaxial arrangement of the secondary circuit 
and leads to the CRO cable, any ground currents 
flowing in the eable sheath will have minimum 
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coupling with the secondary circuit and leads. 
(5) The self-inductance of the secondary circuit 
can be computed by the method explained on 
page 397 of reference [4], and it is found to be 
equal to the mutual inductance except for a small 
term arising from the finite thickness of tube, B. 
The self-inductance of the spider alone is less than 
0.005 wh. Thus this design gives the minimum 
self-inductance that can be obtained in a straight- 
forward manner. 

An approximate value of the voltage impressed 
on the CRO cable can be obtained from eq. 8, but 
this equation neglects the capacitance between 
tube, A, and tube, B, and will not hold for the 
higher frequencies. A more accurate method for 
computing the value of this voltage is to consider 
the capacitance and inductance of the secondary 
circuit to be uniformly distributed 
length and solve for the voltage at the CRO end 
of this circuit by the methods normally used 
for circuits of uniformly distributed constants. 


along its 


This is done in appendix 3, and as shown there for 
a typical mutual inductor designed for surge- 
current measurements, the voltage impressed on 
the CRO cable will be equal to M dI/dt (within 
10 percent) for all frequencies up to 65 mega- 
cycles sec. 

The type I tubular mutual inductor appears to 
satisfy the requirements for surge-current measure- 
ment quite well. One was constructed in this 
having the approximate dimensions 
This type of inductor is 


laboratory 
indicated in figure 6 
entirely satisfactory if the surge-generator dis- 
charge circuit is fairly long and can be arranged so 
that the inductor forms the final part of the return 
lead to ground. In case the minimum length of 
discharge circuit is required, the length of this 
inductor may add an appreciable inductance to 
the discharge circuit and it may also not be 
feasible to keep the return lead 24 in. away from 
the axis of the inductor. For such cases, a 
slightly different design of tubular inductor (type 
11) as indicated in figure 7 is suggested. It is the 
same as the type I inductor except that a return 
circuit is provided for the current by a larger tube, 
coaxial with the smaller tubes. This design brings 


the two current terminals close together and 
eliminates the problem of the location of the 
inductor with respect to other perts of the ‘surge- 


generator circuit. It allows the inductor to be 
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used in a discharge cireuit of minimum | net) ff 
with the addition of the least possible induc: an, . 
to the discharge circuit. The outer curre: I 
turn tube of the type II inductor also acts as y 
electrostatic shield for its 


Because of the distributed capacitance betwe 


secondary — circu: 


the outer-current return tube and the coax 
secondary circuit tube, currents and voltages 
the secondary circuit will not be the same for ¢| 
type II inductor as for the type I. Thus a cow. 
putation of the voltage impressed on the CRO 
cable for a type IL inductor must take into accouy: 
the distributed capacitance and inductance of {| 
circuit formed by the outer tube of the secondar 
circuit and the return current tube in addition | 
that of the secondary circuit itself. This is do 
in appendix 4, and while the results appear qui! 
different from those obtained for the type LI in. 
ductor in appendix 3, they indicate about the sar 
upper limit in frequency (70 megacycles/sec 
Each of the three types of mutual induet 
described above should prove useful for surg 
The “D” 


tor is very simple to construct and will measw 


current: Measurements. mutual indue-f 
superposed frequencies up to 15 megacycles s 
with less than 10 percent error. The tubu 
inductors are somewhat more complicated to co 
the frequency range to 


struct but extend 


megacycles sec. The type I tubular inductor ball 
suitable when the surge-generator discharge pat! wpe 
is fairly long and the type II when a minim ord 
length of discharge path is required. Inductor _—— 
of both the “D’’-type and the type I tubul , ceanen 
have been constructed and proved very useful es 
this laboratory. ! e 4 
ll or 
{this ge 
V. Experimental Results ty 
The shunts and mutual inductors describ ‘gpa 
above have been used in this laboratory for meas : — 
uring current surges both from a surge-voltag wee 
generator and a surge-current generator and wolees 7 
various arrangements of discharge circuits. — T! — 
oscillograms in figure 8 are typical of the resul!s i al 
obtained. They are records of the discharge cu : ia ¥ 
rent and rate of change of current for a surg ps 
current generator consisting of 40 I-yf, 50-h the _ 
capacitors connected in series-parallel so as to g!\ “ 2 
a total capacitance of 10 uf and a voltage rat ry nel 


of 100 kv. The discharge circuit consisted ol 
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c 
FiGuRE & CRO records of a critically damped discharge from a surge-current generator. 

wav r btained t ise of tubular shunt, A b, early part of current wave-forn a faster CRO sweey ¢, rate of change of current obtained 

z itual inductor show figure 6; d, early part rate of change a faster CRO swee] 
ball triggering gap; a 1l-ohm resistor made using a faster sweep. The current records are 
f 24 globar type B ceramic resistor units, as- quite smooth and just as anticipated from theory, 
bled in the form of a cage (to minimize in- as are the rate of change of current records 
nee) having sets of two 12-in. units In series, except for the superposed high-frequency oscilla- 
ted in parallel so that this assembly was tions occurring just as the surge is initiated. 
long; about 5 ft of copper busbar; and the These superposed oscillations have a frequency of 
or mutual inductor. The total inductance about 40 megacycles and are probably caused by 
s generator and its discharge circuit is 2.5 ph stray capacitance across parts of the discharge cir- 
l-ohm resistor gives very close to critical cuit, such as from one ball of the tripping gap to 
¢. For the oscillograms shown in figure ground. If this stray capacitance is across a sec- 
enerator was charged to 75 kv and gave a tion of the discharge circuit having an inductance 
im discharge current of 55,000 amp, the of 2 wh, it would require only about 10 wuf to pro- 
im rate of change of current being 2.5x10 duce the 40 megacycle oscillations. It is practically 
p impossible to eliminate such stray capacitances. 
oscillogram in figure 8, a, shows the varia- In the discharge circuit used in obtaining the oscillo- 
current with time for the entire surge. grams of figure 8, stray capacitances were reduced 
Figure 8, b, shows the initial rise of the current on to as low a value as possible. For discharge cir- 
: expanded time scale (faster CRO sweep) cuits involving fairly large apparatus as a test 
- S, c, shows the variation in the rate of specimen, stray capacitances will be larger, result- 
- of current for the entire surge, and figure ing in a superposed oscillation of lower frequency. 
ows the initial rate of change of current The slight upward curvature on the zero line 
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of oscillograms in figures 8, b and 8, d at the start VII. Appendices 


of the sweep is introduced by the oscillograph and 1. Effective Impedance of a Tubular Shunt a 
ad 


should not be considered as part of the surge : ‘ 
7 the surg Function of Frequency 


record, The source of this “hook” in the CRO 
" : . . ‘ t the radii o . “> ; ve he ¢ 
zero line is a small horizontal deflection given to Tet the radii of the inner and outer tubes be a, b 
a b’ as indicated in figure 9. Assuming the tubs 
the beam by the Norinder relay plates as voltage 
5 gates : . oe P, coaxial and perfectly symmetrical about their a 
Is initially applied to them. This deflection current density in either tube at a given radius, 
slightly alters the ¢ "RO sweep rate atits beginning the axis will be a constant for any given instant 
but should, by itself, introduce no vertical de- i,-=current density in inner tube at radius ; 
flection. However, since the focusing coil is _—— 
located below the Norinder relay plates, this 


deflection puts the beam slightly off the axis of the 


current density in outer tube at radius 7 


paper 


focusing coil which then produces the small 
vertical deflection. 

The oscillograms in figure 8 illustrate the ad- 
vantages of using a mutual inductor in addition 
to a shunt when measurements of a current surge 
are being made. The superposed oscillations can- 
not be detected on the current record but can 
readily be seen and measured on the rate-of- 
change-of-current record. Their actual magnitudes 
in amperes can be computed from this record, and 
from measurements on the oscillogram of figure 
8, d they were found to have a maximum ampli- 
tude of about 25 amp. Oscillations of this 
magnitude would be almost impossible to detect 
on a current record even though the attenuation 
of the shunt for these higher frequencies did not 
mask them out. The rate of change of current 
records are also of great value in studying the 
effects of induced voltages arising from the 
current surge. They further provide an accurate 
measurement for the time to maximum current Then 


Ficure Cross-sectional view of a tubula 


(zero rate of change) 
total instaneous current in inner tube 


a : 
| 2ri,rdr 
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total instantaneous current in outer tube 
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2ri,'rdr 
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currents flow along lines parallel to the tube 


axis, 


(10) 


14 


7 ire independe nt of , so 
= ow 
Pe Be 
é Ot 
; Of 
- 
a de 0 ») Of 0 
A yr "Or ' Ot OF 
q Oe’ , O,, O Ob 
p 0 
yr >? Of or 
4 ner tube 
"6 2/, 1 "’ 201+] 
J ix +21 log 
I l a I 
) 
I, J 2ni,rdr and I= |) QriZrd 
4 Ja 
| 1 0 Differentiating eq 13 with respect to r 
’ 9) 9 fr 
= = 2ri,rdr 
Or r Ja 
for the outer tube 
"6°21 +1 
H diz 
i] 


g eq 14 in eq 11 and eq 16 in eq 


Oi, 4n O (" ; 
) p Ot Ja 
Ji, lr O | 
y rd 
Or p’ Ol Sr 
latins again with respect to 7 
>i ) ix Ol, 
0 
) Oo p ot 
0 ) te er 
0 
) ) df 
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If i Loe - 
ie) 
i 
of 
and eq 19 and 20 become 
O77, .1 Of, K 0 . 
4 } 2 ) 
or r or , 2! 
077,’ 1 Ov,’ K’ 0 - 
} K 2; 29) 
or r or 6 
i = tr 
where KK jw and A jw >> the solution § of 
Pp p 
eq 21 is 
tp=Z,( Kr CJ o( Kr CyNo( Kr 23) 


where J) and Ny are Bessel’s functions of order 0 and of 
the first and second kind C, and (, are constants of 
integration, Similarly the solution to eq 22 is 
Zi (K") CW (K's CoN k's 24 
he total current is 
b *b 
/ ar | i,rdr—2x rZ,(Kr)dr 25 
and,from the general relation 
- . : 
| 22 ax)dxr IZ (ax 26) 
a a 
it follows that 
2x 
I [bZ,( Kb aZ,(Ka)| 27 
A 
Similarly 
2n 
I’ b'Z (Kb a’'Z,(K'a’ 28 
A 
Likewise 
1,=— [2Z,(Kz) —aZ,(Ka)| 29) 
A 
2r , 
l F [ 2 K'r a’Z,(K'a ] x0 
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To obtain values for the #,’s substitute eq 29 and 30 in eq 13 and 





For the inner tube, after performing 





' 
tegrations 
: 
tr traZ,(Ka b bh’ tr . ” = 4ma’Z\(K'a’ b’ 
j og +2] log t r Z, a ’ “7 log ; 
t Ke [ ~0(Ke) | K log ~ 2/ log > kK? Zi (KX k i 
I or the outer tube 
, b’ ix 6° tra’Z\(K'a’ b’ x 
» =2/ log 1. Z ¢ ; ; log —. 
t Bt pn Zi(K'2) | k .- ) \ eu 
I he voltage drop in the outer tube Is 
0,’ q 
roa : 
ro ae 
After substituting and simplifying 
“ 
, | 2a , “— a — ao 2jwl — —— | 
é ao, log b’ + K’'a’Z,(K'a’) log b'+Z,( K'b log 7 “, +K’'a’Z(K'a 
p p 
q 
Sinee is not a funetion of the coefficient of log in eq 33 must vanish, this vives 
‘ ee K’ 
Zi(K'a a . eC 
2ra 
his is one relation fixing the coefficients in Z,’. The other relation is in eq 28. Substituting eq 34 in eq 28 : 
Zi K'b’ 0. 
Voltage drop in inner tube is, similarly D 
* ° , ° b’ f° ; r , ; ; , 5 , Y 
e=pZ, (Kb KapZ,( Ka) log b— KapZ,( Ka) log r + 2/jw log b'? IZ, (A 'b Z,(K'a')|+ p' K’a’Z,( Ka’) log 
Coefficient of terms involving must be zero, therefore 
Z\(Ka 0 D 
Putting eq 37 in eq 27 ‘ 
Al 
b)= 
Zi(K aah 
[nse rting eq 37 and 34 In eq 36 eives 
‘ b ek ameems oe 
e=pZ,(Kb 2/ jw log — + p'|Z,' (K’b Z,'(K'a 
a 
Che effective four-termina impedance for a shunt with the pote ntial lead inside the inner tube is 
re) 
€ ~ oe t, Oe 
: I 
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31, 34 and 37 
Ob naan ‘ aint _ b 
— pZy (Kb pZ,(Ka p'(|Z,(K'b Zi(K'a’)|—2jwl log °- (40) 
j ~ eting eq 10 from 39 
re) . eZ. (Ka 
e— >) ,=pZ)(Ka) or z= ] 1] 
eq 24 and 34 
Zi(K'a’) =, 1 = Cid i(K'a’) + CINK" 12 
2ra 
eq 24 and 35 
ZAK’ O= CU K’b’ CIN, CR’b (43 
| 23 and 37 
Z;(Ka 0=C J,(Ka C.N;( Ka) 14 
q 23 and 38 
Z,(Kb) a C,J (Kb) + CoN, (Kb 15 
2rb 
s } 42, 43, 44, and 45 for the coefficients 
( K'I N,(K’b’ 
. 2a’ Dp’ 
‘ K'l J,CK‘'b 
- See’ Db’ , 
D D(C Ka’) N,CK'b J, K'b N\(CK'a 
KI N,(Ka : 
: ~ Qxb D (46) 
. Kl J,\(Ka . 
C, onb D . (47) 
D=J;(Ka)N,(Kb J (Kb) N,(ka). 
Z)( Ka Cy o( Ka) +C.N,( Ka 


16 and 47 eq 41 becomes 


is and putting in values of C, and C, from eq 
pK TN,(Ka)J;(Ka N,.(Ka)Jo( Ka (48) 
2rb LJ)( Ka) N,( Kb) —J,( Kb) N; (Ka 

e general relatior 
NV, (Ka)J;(Ka N,(Ka)Jo( Ka = 

rka 
ecomes 
| 19 


p 
rab J,\(Ka)N,( Kb) —J,(Kb)N,(Ka 
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Using the following general relations 


J,( Ka) V zk [p (Ka) sin ( Ka ") + Q,( Ka) cos ( Ka | 


/ 


\ | P,(Kb) cos( Kb 1) Q,( Kb) sin ( Kb | 


Vi(Kb 


letting b—a=—d, and putting in the following approximate values of P; and Q, 


15 
P,(Ka)=14 => 
128 Ka? 
3 
O,(Ka 
ve Aa 


the denominator of eq 49 becomes, for K? m 


Zahb(1 ( 15 15 9 md 
y2a j)« | 
D, m in I J 128mZa ) J 1282 ) J Sicha | _— 2 J) 


Ve 
15 3+ 3) 15 3+ 3) md | 
+5 128mat )( smby 3) NM smays) 1° 73" 
[( * 1282 oa 2 : J 128n2h* ) Smay 2 co V2 J { 
Most of the terms inside the brackets in eq 50 are negligible if the frequency is much above 60 cycles per second 
f=1,000 e/s, p= 40,000 (egs units), (b-a)=0.06 em, and b=a=1 (approximately), this equation simplifies to 
Pab(l wr md - 
D,=*= J* sin (l—j 51 
m V 2 


mad . 
Letting ==6 and putting eq 51 back in eq 49 


po sin 6 cosh 6+- cos 6 sinh 4) +) (cos 6 sinh 6— sin 6 cosh )] 
2rdyab [ sin 6 cosh 6)? + (cos 6 sinh 6)? 
where 

p=resistivity of shunt material in egs units 

a=inner radius of shunt tube in em 

b= outer radius of spread tube in em 

d= thickness of shunt-tube wall in em 

w-=2r times the frequency of the current through the shunt. 

z=vector impedance of shunt for values of above quantities used. 

The d-c resistance of the tube in absohms, for d<> is 


Ra. p 
2adyab 


and eq 52 becomes 


Red j= 6 cosh 6+ cos 6 sinh 6) +7 (cos 6 sinh 6—sin 6 cosh » 
Z 140 . 


(sin 6 cosh 6)?+ (cos 6 sinh 6)? 


| quation 54 is ve ry nearly correct for any thin-wall tube when the frequency is above 1,000 evcles per second 
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———— = — ad 
J ; —< ~ F 109 
- ~ at ac os 
: ‘ 
- ~~ 7 ~~ OT 
A‘, 
‘ a NX 06 
we 
ae =. ' w\ os 
< Selle 
®« =.’ aN o« 
‘ : I 
| | at = a | 03 
} \ 
} =_ - — * 1o2 
} a 1 
= te h m 0.1 
$ rf n . x ° 
\ } = < 
o2 ' ~ a 02 
02 as o¢ os of a? os a8 10 ' 2 3 4 s 6 
-_ & o 
+ 0 25 50 100 250 300 1000 250¢ 3000 10,000 
Freq in KC for 0.0048. ~= Shunt 
$0 100 50 $00 100 2500 5000 10,000 
Freq in KC for 0.044 shunt 
re 10 Curves showing ratios of a-c resistance R, reactance wl, and m pedance Z, to d-c resistance Rae, plotted as ordi- 
nates against the parameter, 6, as abscissa, 
i scales in frequency are also shown for two tubular shunts rhe solid-line curves were obtained from the formula derived in uppendix 1 Ihe 
irves from formulas known to be applicable only at lower frequencies. 
For lower frequencies, the skin effect formula as given The current density inside the metal of the tube is 
we 91 of Research Paper No. 133 (see reference 5) is 
I 
7 mid‘ 7 _ r(b?—a? 
R Ra ( l 360 ) Ra ( ] 90 6 ) 55 
The total current in the shell of thickness dr is 
nductance at lower frequencies, where the current is 
med to be uniformly distributed as given on p. 400 of Derd 2rl j 
. . i, r2nrdi dr 
Scientific Paper 5281 (see reference 4) is, in abhenries per b— a 
meter, a . ’ 
rhe total radial force (directed inward) on this shell of 
L é | current, due to the magnetie field //, is 
3a 
b this gives PF, =3,H, 
wl é = a Se 
Ra 3 (o6 in dynes per centimeter length of tube, Phe, total, force 
on the entire tube per centimeter of length is 
\ctual values of R/Rz, wl/Ra, and '2/Ra as functions *) "> 72—q! 
are shown by the curves in figure 10. The solid lines I i} F, = 1/?dr 
: ; Ja (I ‘ 
ent values obtained from eq 54 and the broken lines 
from eq 55 and 56. For é6<_1, the broken and solid Performing the integration 
rve coincide, but for rs) 1 the values obtains d from eq 55 
1) exhibit rapidly increasing errors as would be F }/? b3 F 2a ) 
° . ° I-Oo-7 
ected from the assumptions made in the derivation of (P—a2)?\3 3 
equations. 
Frequeney seales are also given on these curves for the This force expressed as a pressure per square centimeter is 
ints In use at this laboratory. . PF 9)? hs ; 22") 
») : : 9 2 2 ‘ oT. 
2. Magnetic Force Due to Current in a Tube 2xb  xbh(bh—a 3 3 
| ring t icure O . agcnetic fie P anv : 
g to figure 9 the magnetic field (//,) at an which simplifies to 
listance from the axis of the tube, where a<r>b, 
tal current, 7, in abamperes uniformly distributed F 9/2 1 a 
> —=— + 
cross section of the tube, is 3xb Lb+a ‘ (b+a)?])’ 


which is the pressure in dynes per square centimeter. 
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rhe collapsing pressure for thin-wall tubing as obtained 


from A. E 


H. Dove's formula? is 


i \3 


. 2E 
f l m=? ( Db) ; 


Eis the modulus of elasticity and m is Poisson’s ratio for 
the tube material; ¢ is the wall thickness of the tube and 
D is its diameter. If E is expressed in dynes per square 
centimeter, the collapsing pressure P, will also be in dynes 
per square centimeter. Equating this to the magnetically 
induced pressure due to current, 7, as obtained above 
and solving for /, we obtain the current in abamperes at 


which the tube will collapse 


» } b a)? b a 
| = 1.08: 
"y l m bib 2a 


3. Effective Inductance of a Type I Concentric- 
Tube Mutual Inductor as a Function of 
Frequency 


In a type I econcentrie-tube mutual inductor, shown 


schematically in figure 11, the current, I, whose rate of 





Ce poo 3 
e 
3 Ces r '. Surge 
ai e & Cabie 
. «Dd > = 
. 
ds 
- ! - 
Figure Il Schematic drawing of a type I concentric tube 


mutual inductor. 


change is to be measured, passes through the inner tube 
and the return cireuit for this current is assumed to be 
so that its effect can be 


far enough away (about 24 in 


neglected. The secondary circuit of this mutual inductor 
consists of the length of the inner tube from a to b. the 
radial ring from } to c, the outer tube from ¢ to d, and the 


four-wire “spider” from d to a. It is considered to be 
completed by the resistance, R, which represents the surge 
impedance of the cable tothe CRO. Assuming that (1) all 
currents flowing in these tubes are uniformly distributed 
around the central axis, (2) end effects may be neglected, 
and (3) shunting capacitance from the outer tube to out- 
side conductors may be neglected, differential equations 
can be written giving the relations of the currents in the 
tubes to the voltage difference between the tubes at any 
longitudinal distance, zx, from the end of the outer tube. 


Using symbols defined as follows: 


V,= mutual inductance per centimeter length of the inner 
tube, between it and the secondary circuit. Its 
value is very nearly the same as the self-inductance 
of the secondary circuit if the wall thickness of 
each tube is small 

’ Taken from Marks’ Handbook for Mechanical Engineers, Fourth Edt- 

tion, p. 450. 
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C;= capacitance per centimeter length between thy 


and outer tubes, : 
e, =the potential difference between the inner and oy: J 
tubes at the distance, z, from the end of th 
tube, 
i, =the current in the outer tube at the distance 
the end of the outer tube. \ 
the differential equations are 
di, joC edz vi if 
and i 
de,=jwM,(1l—i,)dz 58 
The solution of these differential equations gives equat . 
for 7, and e, containing two arbitrary constants: ' 
luc 
¢,— K, sinh [wry CM, K,]} 59 py a resis 
’ 
i=l rp Kiy i cosh [wry C) MW, + K,) fh ructed | 
hy 1 Ou 
ro obtain values for the arbitrary constants A, and | hms. | 
use relations at r=0 and r=/. At r=0, e,=0 and fr uantits 
eq 59 
O= AK, sinh [0+ K,]. 
As A, cannot be zero, A,=0. 
At r=/, e, =7i,.R, and from eq 59 
wR 
sinh wlyC,M 
Putting values of A, and A, in eq 60 
: 143 wR IC 
2 t ; cosh wry C,M 
. J sinh wl¥C.M, VM, SO" 
altr=/ 
in| 1—jR4/S ! 
ty ; 
J°N M, tanh wl¥C,M 
is 
To get a relation between the voltage impressed o1 ctor, 
CRO cable (i;R) and the rate of change of the curr CRO will 
being measured (d//dt), multiply eq 61 by jw.M,/ and y abo 


R out of the brackets 


4. Effec 
>| jo! C; l 
eR TOMI A, tanh oly CM, |e oe 
i . ‘ > . . 
; tanh wly CO, Fre 
As M,l/=M, the total mutual inductance, the a 
In a ty 
equation becomes 
ale 
ERT wy M,C wM 
7's Dp jel. 
M {| tanh wly M,C k 
In this equation 7,R is the voltage impressed on the 
going to the CRO and thus is equal to the voltage r 
by the CRO. The value of M is constant and ma 
computed from the dimensions of the mutual i: : 
The right-hand side of this equation is the rate of cha 
of the current, /, being measured. The quantity 
brackets is unity for all but the higher frequencies 
for most surge work the rate of change of the curre: 
measured is obtained by dividing the voltage rec 
the CRO by the constant M. In order to detern 
upper limit of frequency for which this relation h« | 


magnitude of the vector quantity in the bracket 


Sure C 
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When the hyper- 


i as a function of frequency 


gent 1s re placed by the first two terms in its series 


| n the magnitude of this quantity becomes: 
; WkiC.P , MP 

{ Ite? (3" tom) 

! 

x 


by eq 5 and 6 in the main part of this paper, the 
V7 ,¢ 11110 
tubes provided they 


and is the same for any pair of 
have thin walls. / is the 
f the secondary circuit tube in centimeters M is 


il mutual inductance of the inductor in henries and 


is omputed from its dimensions as already shown in 
n part of this paper R is the surge impedance in 
. the cable connected to the potential terminals of 
juetor and going to the CRO where it is terminated 
sistance equal to R. 

| e type I concentric-tube mutual inductor con- 

: { and used at this laboratory /=17.8 em and M 
05m rhe surge impedance of the CRO eable, R, is 50 
, : For these particular values, the magnitude of the 


‘ n the brackets of eq 62 varies with frequency as 


Frequency 


30 < 104 1. 02 
10 1. O3s 
50 1. 06 
60 1. OS, 
70 l. 11, 
80 1. 15, 


is example of a type I concentric-tube mutual 
tor, the rate of change of current as measured at the 
RO will be correct to within 10 percent for all frequencies 


sibout 65 megacyveles. 


4. Effective Inductance of a Type II Concentric- 
Tube Mutual Inductor as a Function of 
Frequency 


i type II concentric-tube mutual inductor as shown 


atically in figure 12 the current, /, whose rate of 


x 
* * 
> * 
8 Cae <_ j id 
* i 
: e. | tea yf 'e. 
, 
> é > oF 
in | I 
st 
Gx 
x 
. ! . 
2 Schematic drawing of a ty pe ll concentric tube 
mutual inductor 
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change is to be measured passes through the inner tube 
(radius r;) and returns through the outer tube (radius 7 
With this arrangement the current terminals are close 
together and the self-inductance of the primary current 
circuit is fixed and quite small. The secondary circuit of 
this mutual inductor is the same as that of the type | 
inductor. Making the same assumptions as stated in 
appendix 3, differential equations can be written giving 
the relations between currents in the three tubes and 
voltage differences between the tubes at any longitudinal 
distance, x, from the end of the middle tube (radius 
Using symbols defined as follows 
V mutual inductance per centimeter length of the 
inner tube, between it and the secondary 
circuit. This is the same as the self-inductance 
of the secondary circuit if the wall thickness 

of each tube is small, 

L self-inductance per em of the circuit formed by 
the middle and outer tubes, 

(capacitance per cm between the inner and 
middle tubes, 

C,= capacitance per cm between the middle and 
outer tubes, 

Cs the potential difference between the inner and 
middle tubes at distance, x, from the end of the 
middle tube, 

é the potential difference between the middle and 
outer tubes at distance, z, from the end of the 
middle tube, 

i, =that part of the current flowing at z in the middle 
tube whose return path is in the inner tube, 

i that part of the current flowing at x in the middle 
tube whose return path is in the outer tube, 

Ly) =self-induetance of the circuit formed by the inner 
and outer tubes from ato f. The differential 


equations are 


di, =jwCe,dz 63 
di, =jwC edz (64 
de,=jwM,(I—i,)dzr 65 
de’ jwL,(1 —i,)dz (66 


The solutions of eq 63 and 65 are 


e.= K, sinh fur VC,M,+ Ko] 67 
and 
C 
| ; A \ V cosh [wr V¥C V A OS 
The solutions of eq 64 and 66 are 
é AK; sin lw y Lol kK, 69 
y Cc ") } _— 
i A \ L COS [wily Lol K, «) 


The arbitrary constants A,, A», As, and A, in the above 
equations can be determined by using the terminal condi- 
tions atz=—Oandr 


At r—0, e,=—0, and i,’=0 So from eq 67 


0= A, sinh [0+ Ky), 
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but A, cannot be zero, therefore K 0. Also, from eq 70 At r=l:e,=Ri i’) and e,’=R(i ii jolla sD 
Cc . — 2 = P = fo 
O=/ K \ L. °° K, So from eq 67, after putting in value of Ko, 
wiving 5 
} L / R(i,— iy’) 
. Jy C. cos K, sinh wl¥C; Vv, 
Also. from eq 69, after putting in value of Ky, : 
my ali 
tan K, tan wly LC, ae [ROiy— ir’) +jolo(I—17')] 
cos wly ¢ L 
Using above values of A, and K, eq 68 at r=/ gives e 
Cc l 
n= I+ jRG—t VV; tanh ol ¥M,C, 
Using above values of A, and K, eq 70 at r=/ gives 
Ic , 
d i L J \ Ly tan wl y LC, (RU i; ) wh. (I —i;)] 7 


cos wly Cs 

Subtracting eq 72 from eq 71 and assuming ¢; to be very sm: 
voltage across the CRO cable, is obtained 

wl V V.C, cos al \ LC 


ra 
wM,l . 
tanh wl y M,C; \ Ly 


c. 
1+wly VL. 


all compared to 7 in the jwL» term, a value for R (i 


wM,l 


sin wl y L.C,+-) R 


cos wl y L.C 
=jwM ll 


sin wl, LC. 





For concentric-tubular construction, if the wall thickness of the tubes is neglected the product of capacitance: 
inductance per cm is a constant for any two tubes. So let y M,C; = yL.C,—a=3.3310-". Also let M,l=M, thet 
mutual inductance, then the above equation becomes 
wal cos wal Vv C; } wM ; 
Ww Ss wn ‘0S wa 
tanh wal a ee 
ti i R j@ Vl 
C's 
1+ why * sin wal 
lL, m 
\ 5 he ¢ 
By expanding the first term in the numerator of the quantity in the brackets in series form and neglecting hig follows: 
order terms, the equation becomes 
ne - , ce (or 
wal)? ( Ww . 
w J * sin wal-+ 0s wal t 
(i.—i)R I 6 ! VL in wal+j Re COS wal : he wu 
VU c Je ' ries a 
1+wl» * sin wal 
\ L — ole he 
fror 
This equation is similar to eq 62 of appendix 3 for a type I sirabilits 
mutual inductor. Thus, to determine the upper limit of Frequency om th 
frequency for which a type II inductor can be used, the tremely 
—e« ‘ it 
magnitude of the vector quantity in the brackets of eq 73 cleec 2 
must be evaluated as a function of frequency. 10 10°. ~~ 0. 998 Vesuig 
A type II mutual inductor having the following dimen- 30 = aa _ 982 cons 
sions see fig 12): 50 , = . 952 in be 
es 60 x ‘ _ . 932 ‘ide an 
a 70 90 
8 SU 
r3=1.0 in. ring 7 " siti — 
rs=2 in. re . nna ’ = oir wes 
~ : — ~— . St P 
l=7 in — one sine-fe 
distance from a to f=2.5 in . tm . 835 a 


is used as an example. By use of eq 5 and 6 in the main 
C2, and 
Then, 


to be 50 ohms, 


part of this paper values for M, Lo, Lo may be 


computed from these dimensions, assuming the 


R 


nitude of the quantity in the bracket of eq 73 varies with 


CRO cable surge impedance the mag- 


frequency as follows: 
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For this example of a type II concentrie-tube 
inductor the rate of change of current as measured al 
CRO will be correct to within 10 percent for all fre: 


up to 70 megacycles. 


Wasuinoton, March 28, 1947. 
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— 
lidity of the Cosine-Fourth-P L f Illuminati 
By Irvine C. Gardner 
; The cosine-fourth-power law states that the irradiance! at any point in the image 
formed by a photographic lens, in the absence of vignetting, is equal to EF, cost 8, where Ey 
is the irradiance at the center of the field, and 8 is the angle between the axis of the lens and 
- the conjugate chief ray in the object space. Although not usually so stated, this law involves 
the additional assumption that the lens is free from distortion. With this assumption, 
the law applies rigorously when the diaphragm is between the lens and object and the 
object is at an infinite distance. If the diaphragm is between the lens and the image plane, 
there may be cases in which the irradiance falls off less rapidly from the center of the field 
outward than is predicted by the cosine-fourth-power law. A type of negative distortion 
is defined for which the irradiance is uniform over the entire image. When the diaphragm 
is within the lens system (the more common condition for photographie lenses), one must 
know the distortion of the portion of the lens following the diaphragm before a definite 
” statement regarding the irradiance of the image can be made. The departures from 
exactness of the cosine-fourth-power law arise partly because the effective area of the 
entrance pupil is a function of the obliquity of the incident chief ray. A method is given 
for measuring this variation in effective area. 

I. Introduction a precise statement of fact, for most photographic 
al . Nnses i is ~~ . =) , “oo ion. 
lhe cosine-fourth-power law may be stated as lenses it is, at best, an approximate — 

f] . . . . Slussareff * , T ents 
g ollows: In the absence of vignetting, the irradi- Slussareff has published a papel of — nta 
nee (or the effective exposure) for different parts importance in connection: with this subjec . in 
. . . . , . , , : e ~~ , » Ly Ad , eT - 
{the image formed by a photographie objective whic h he de monstrates the importance of the - el 
' . . : . heractarnatio s bee 
ries as the fourth power of the cosine of the rations of the pupils, a characteristic that has een 
° urleetea “OV : mo » : >» cos C- 
angle between the axis and the chief ray proceed- neglec ted in previous treatments of the ‘ ail 
—Ting from the conjugate object area. The de- fourth-power law. He concludes that the ~mg 
. ° § Oo " “Y "te " » . re - 
sirability of and the economic advantage resulting = ""°° ‘ f the marginal parts of th field rong ¢ . 
. . . "yes a) . y > w A » . y , 
om the use of photographic objectives of ex- creased significantly beyond that predic a ny the 
, ‘ e . . = . s rer , r > " OW cr 
remely wide angle has made it important to re- cosine fourth powel law by on of “i fe l — 
‘ ‘ . . . "gage . > . s ° . » ’ wT ~~ ) 
vestigate the validity of this law because, unless three optical de Vices: appropriate aberrations ¢ 
consequences of the cosine-fourth-power law the entrance pupil; the introduction of negative 
in be evaded. negatives made with extremelv distortion; and the use of a strongly curved con- 
vide angle photographic objectives will vary to cave image field with a concave photographic 
such an extent in density from center to edge that plate. Reiss* has taken exception to some of the 
their usefulness is greatly restricted. Although the methods of computation employed by Slussareff 
sine-fourth-power law is commonly set forth as but accepts the limited validity of the cosine- 
NI fourth-power law and the importance of the aber- 
the Optical Society of America (J. Opt. Soc. Am. 34, 184, 1944 rations of the pupils. In the present discussion 
nstead of the older terms i//umination and brightness Illumi- ae . . aces ae . 3 
brightness usually relate to radiant energy as evaluated in terms the derivations of Slussars fl and Re isS W ill be 
: nosity function, a consideration which does not apply when briefly repeated, and the treatment extended to 
in image to be recorded by photography All the relations aca aml | . s | : | 
this paper are geometrical, and hence the equations apply with cases not pre viousiv considered, 
whether applied to radiant energy, radiation evaluated in terms _—__—o 
sity function, or radiation evaluated in terms of photographic 2J. Phys. USSR 4, 537 (1941 
J. Opt. Soc. Am. 35, 283 (1945 
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II. Magnification Ratios and Distortion of 
Pupils 


If dF is the radiant flux proceeding from one 


elementary area, dA, to a second, dA’ (see fig. | 


its magnitude is given by the equations 


dF B cos a cos a P 
B cos adQ’dA ’ 
B cos a’dQd A’ | 


| 


where B is the radiance of the radiating surface, 
r is the distance between the two elementary 
areas, a is the angle between the radius vector 
and N, the normal to dA, and a’ is the similar 


angle between the radius vector and N’, the 


normal to dA’. In the second and third equations, 
dQ is the solid angle subtended by the area dA’ 
at dA and dQ is the solid angle subtended by 
dA at dA’. The quantities dA and dA’ enter 
symmetrically in these equations, and dF may 
be assumed to represent the flux proceeding in 
between the two elementary 


either direction 


areas, provided that the appropriate value of 
B is used. If the normals to the two elementary 


areas are parallel, a=a’ and eq 1 becomes 


> 


dF . cost ad Ad A’, 


where ¢ is the distance between the parallel planes 
containing dA and dA’. 

In figure 2 a photographic objective is repre- 
sented with the conjugate areas dA and dA’ in the 


dA 


Figure | Geometrical variables that determine the flux 


radiated from one elementar yareatoa second, 





eas the 

ana Ss’ 

aX\is 

1 and « 
nd imag 


Ficure 2 Geometrical variables governing the transfi reneral. 


radiant energy from the elementary area dA in the ol he areal 
space to the conjugate area dA’ in the image space : pupi 
object and image spaces respectively. At S a CIO | 


S’, are two additional planes normal to the axsfgee!lUsio 


of the lens, one being in the object space and the" "Ste 


same 


other in the image space. The shaded pencil in. 


cludes all rays proceeding from dA through t! a 
lens to dA’. 


the planes S and S’ are dS and dS’, respective 


The cross sections of this pencil, —- 
rom. firs 
If, for the moment, absorption and _ reflection fF™PUC 
losses in the lens are neglected, B is the same for fi " of a 
each of the four elementary areas under consider- 

tion and the flux through all the cross sections 


the pencil is the same. Therefore, applying eq ! 


If eithe 
ea of t 
tal flux 


one may write 


4 cos' Bd AdS ee cos' B’dA’'dS’, 


age Sp. 
juation 
where 8 is the angle between the elementary pen 

in the object space and the normals to the para 

elements of surface dS and dA. In the imag 


space, 8’ is the corresponding angle. From eq 


dS’ e? dA cos' B dof t 

dS” & dA’ cos‘ B’ * Bccur, eit 

the 1 

If it be assumed that the photographic lens ts [1 ferent 
from distortion, dA/dA’=1/M?, where M 

Equation 4 therefor 


dS’ r 


magnification. can, 


Pont in f 
written computer 


dS’ /dS propris 


C’ cos* B/cos'* B’, : 
ntegra tr 

where C=e"/eM? is a constant independe: 

and 8’. It will now be assumed that S a 

are the planes of the entrance and exit pu; 

which case dS and dS’ are conjugate elen 

areas in the entrance and exit pupils, respe: 
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mm 5 now has a twofold interpretation. If 

ssumed that the conjugate areas dA and 
| nain fixed, the ratio cos* B/cos* B’ will, in 
_ be different for different pairs of conjugate 
It follows 
e exit pupil will be a distorted image of the 
If, on the other hand, dS and 
\’ are assumed to be two conjugate elementary 


s in the entrance and exit pupils. 
ance pupil, 


is that contain the axial points of the planes 
nd S 


, 


, the rays making angles 8 and 8’ with 
axis are chief rays. If now the positions of 
{and dA’ are allowed to vary within the object 

mage planes, the ratio cost 8/cos* 8’ will, in 
neral, not be constant, and this indicates that 
areal magnification at the axial point of the 
| pupil, with respect to the entrance pupil, is a 
These 


nelusions are in conflict with deductions based 


tion of the inclination of the chief ray. 


first-order imagery, and the departures are of 

same order as the variations of irradiance in 

image plane with which we are concerned. 
onsequently, it is necessary that these departures 
om first order imagery not be neglected when 
omputing the irradiance in different parts of the 
\l of a photographic objective. 


Il. Irradiance at Any Point in Image 
Plane 


lf either member of eq. 3 is integrated over the 
1 of the corresponding pupil, one obtains the 
tal flux through the elementary area dA’ in the 
age space. Dividing by dA’, one obtains the 
ation 


B B® 


eM? cos* BdS cos‘ B’dS’, (6) 


. 


re is the irradiance. For any point in the 
d of the lens, for which vignetting does not 
ir, either integration will give the correct value 
The angles B and 8’ are 
ferent for different points in the pupil areas S 


the irradiance. 


dS’, respectively, and are also functions of the 
n the field for which the irradiance is being 
mputed. Care must be used in selecting the 
propriate boundary for the area over which the 
gration is extended. If the pupil over which 
ntegrates is an actual physical diaphragm, 
egration is extended over the aperture and 
its of integration are the same for all points 


ield. 


ive of a diaphragm positioned somewhere else 


On the other hand, if the pupil is an 


ch @ Cosine-Fourth-Power Law 


in the optical system, eq 4 indicates that the are: 
over which the integration is to be performed, in 
general, will be a function of the point in the field 
for which the irradiance is sought. The correct 
area over which the integration should extend is 
the cross section of the complete pencil lying in 
the pupil plane. Equation 6 will now be applied 
to special cases that admit of general treatment. 


IV. Special Illustrative Examples 


1. Diaphragm Follows the Lens 
For this example it is better to integrate the 
third member of eq 6 because of the simpler limits 
If the aperture of the dia- 
phragm is circular, of radius a, and if 8) is the 
angle between the axis and the chief ray passing 


for the integration. 


through the point under consideration, the integral 
is seen to be identical with that giving the irradi- 
ance produced by a disk of radius a and of uniform 
brightness B at a point distant e¢’ from the disk 
and at a distance e’ tan 8, from the axis. The 
exact value of this integral, as given by Foote ‘ 
may be written in the form 


, @B 4a°k? } ” 
. ° [ (1 Sie «):) | 7 


where a is the diameter of the disk, & is the distance 
of the selected point from the plane of the disk, 
and z is the distance of the point from the axis. 
These magnitudes and their equivalents in the 


’ 7% 
a=e' tan(sin on) 


Fs J” 
Kee! 2 sin”! pe =@ 


K2 402 










Figure 3. Geometrical quantities involved in computing 


the irradiance produced by a disk of radius a and of 
uniform radiance at a distance e' from the disk and at a 


distance e’ tan 8’ from ils axis 


If @ is 


la/k and 8, is defined as tan ~'x/k, 


eq 7 can be written 
_ 7B — tan’ @ \-3 
E=-~ I ( 1+4 cos* By , 1—tan? 6 cos? 8)? ) | 


present notation are shown in figure 3. 
defined as tan 


* Bul. BS 12, 583 (1915) S263 
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With this notation the aperture ratio of the lens 
is 1:.V, where N=1/(2 sin @). For a point on the 
axis, 8,—0,and eq 8 reduces to the familiar equation 


E=rB sin? 0=2rB(N)?. (9) 


If eq 8 is expanded with reference to the ex- 
ponent 1/2 by the binomial theorem and the 
first two terms of the expansion retained, one 
obtains the equation 


tan 6 \+ 10) 
tan? 6 cos® B, al \ 


Equation 10 is not recommended for computa- 
tional purposes, but it does show that the irradi- 


I} =7B cos‘ B,{ 


ance produced by a uniformly irradiated disk at 
a point off the axis varies approximately as the 
fourth power of the cosine of the angular dis- 
placement of the point from the axis. By the 
argument of the preceding paragraph, it follows 
that when a photographic objective has the dia- 
phragm between it and the image plane, the irradi- 
ance of the field varies approximately as the fourth 
power of the cosine of the angle between the axis 
and the chief ray in the image space. 

An estimate of the degree of this approximation 
is afforded by table 1. 


TABLE 1.—-Comparative values of irradiance (or effective 
exposure) in the field of a photographic objective as a 
function of relative aperture and angular distance 8, from 
the center of field when the diaphragm is between the lens 
and the image plane 


Aperture ratio 


1.000 1.000 1.000 
1.027 cos* 20 
1.052 cos* 30° 


1.076 cost 40 


ny? 1.000 cost 1.007 cost 20 
30° | 1.002 cos* 30 


th 1.004 cost 40 


1.013 cos* 30° 


1.018 cost 40 


In this table, the values of the irradiance have 
been computed by means of eq. 7, which is exact, 
for aperture ratios 1:8, 1:4, and 1:2 and for the 
values 0, 20, 30, and 40 degrees. The computed 
values are expressed as the product of cos* 8 and a 
numerical coefficient. It will be noted that the 
coefficients of cos* 8, are greater than 1 for points 
not on the axis, indicating that the irradiance of 
the image falls off less rapidly than cost 8. If a 
lens is so designed that the second principal plane 
lies between the lens and the focal plane, the 
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diaphragm may be placed in the second princip fh, 5. oy 
plane, and 8 will equal 8. In such a ease. 

has a lens in which the irradiance of the ima 
decreases from the center of the field outward a 

rate somewhat less than that indicated by if 
cosine-fourth-power law, although the departy.fintrance 
is not of sufficient magnitude to be of great inf 
portance photographically. It 
show conclusively that the cosine-fourth-poy 


does, howev 


law does not represent a limiting condition ype US 


maximum attainable uniformity of image irra. posine-fo 
ance. If the diaphragm precedes the secon fit!" '° ! 
principal plane, 8 is greater than 6, and ¢ 
departure from the cosine-fourth-power law wifi Diapl 
be still greater. 

This | 


4 
ginagery 


hief ray 


2. Diaphragm Precedes the Lens 
For this example the first integral of eq 4 
the one more convenient to apply. This integr 
represents the irradiance produced by a disk 
radius 6, where 6 is the radius of the entrance pup 


uals Z 
ws at t 


rradiane 


and of brightness B/M? at a distance e*. In mos ft? a 
cases encountered in practice, the object will bre" | 
rives th 


at a distance of several focal lengths in front of th 


lens, and consequently the numerical aperture o precedin, 


aries as 


the incident pencil will be much less (N greater 
than the values assumed in the preceding cas 
Referring to table 1, it is evident that the irrad:- 
ance will be more nearly proportional to the fourt! 
power of the angle (measured in the object spac 
than for the preceding example. If, for examp) 
the object is 10 focal lengths’ distant, the apertur 
ratio is approximately 1: 10N. For a 1: 2 lens 
the aperture ratio in the object space, therefor 

becomes 1: 20, and it is clear that the departur: 
from the cosine-fourth-power law will be mu 


it must 

bnfinitely 
value of 
remains 

zero for 
indicate 

eneils a 
he field ; 
q 5, an 
the two 


less than those tabulated for the preceding examp B. Diaph 
3. Diaphragm Precedes the Lens, Object « 

Infinite Distance Refers 

is distor 


This is a particular limiting case of the prece:: 
ing example. When the first integral of eq 6 5 
applied, it is discovered that e becomes infinite 2 
M becomes zero in the limit as the distance to t! 
object increases. The limiting value of the product Hy Vv 
Me is required. If ¢ denotes the distance from Bf. ) ¢ 
the first principal focus to the plane of the entrane 


lunction 


f one wi 


pupil, 
M=f/(e+e) lI 
and 


Me= fe|(e+e). eat 
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t follows that 
lim Me=f 


e=a 


(13) 


‘ith the object at infinity, 8 is constant over the 
From eq 6 


_ BS, 
1D fr 008 B, 


ntrance pupil. 
(14) 


nd this example presents an instance in which the 
-osine-fourth-power law, as stated in the introdue- 
ion to this treatment, is precisely followed. 


4. Diaphragm in Plane of First Principal Focus, 
Object at Infinite Distance 
The 


This is a particular case of example 3. 


Smagery is telecentric in the image space, and all 


hief rays are normal to the focal plane. As 8, 
quals zero for all parts of the image surface, it 
ws at times been mistakenly assumed that the 
rradiance will be uniform. It is evident that 
here is nothing in eq 6 to support this conclu- 
ion. The application of the first integral of eq 6 
rives the result that has been obtained in the 
weceding example and indicates the irradiance 
aries as cos*8. If the second integral is applied, 
i} must be remembered that the exit pupil is 
jnfinitely large and at an infinite distance. The 
also becomes infinite and the integral 
remains finite. Although it is true that 8) is 
zero for all the pencils, test measurements will 
udicate that the solid angles included by the 
wneils at different distances from the center of 
he field are not equal but vary in accordance with 


value of e’ 


q 5, and consequently a correct evaluation of 
the two integrals of eq 6 gives identical results. 


5. Diaphragm Precedes Lens, Object at Infinite 
Distance, Distortion Present 


Referring to the first integral of eq 6, when there 
areal magnification, MJ? is a 
lunetion of 8 and must remain within the integral. 


f one writes 


is distortion the 


MC = M cos‘ B, (15) 


where 3 is the areal magnification at the center 
of the field, eq 6 becomes 


E=BS/eM:, (16) 


and the field is uniformly irradiated. In the 


pl ce of distortion, the linear magnification is 


| Cosi \e-Fourth-Power Law 


not the square root of the areal magnification. For 
a system possessing rotational symmetry, it can 
be shown that eq 15 is satisfied, provided 


r’ = Mee sin 8, 


(17) 

where r’ is the radial distance from the center of 

the image plane to the image of an object point 

distant e tan 6 from the axis. Applying the con- 

dition that ¢ becomes infinite, eq 16 becomes 

, . . 

E=BS/f, (18) 

where f is the focal length corresponding to the 

scale of the image in the neighborhood of the axial 
point. Equation 17 can therefore be written 


r’ =f sin 8. (19) 


For an undistorted image, the corresponding 
equation is 
r” =f tan B. (20) 


Consequently, for an object point at the angular 
distance 8 from the axis, the linear distortion is 


f (sin B—tan 8), which is negative and corresponds 


to “‘barrel shaped’ distortion. The ratio of 
radial magnification of corresponding points in the 
distorted and undistorted images is dr’ /dr” =cos* 8. 
In general, when negative distortion is present, 
even though it does not follow eq 16 precisely, the 
irradiance over the field is more nearly uniform 


than when distortion is absent. 


6. Diaphragm Between Components of Lens 


Most photographie objectives are designed with 
the diaphragm within the optical system, and eq 6 
cannot be applied in the general manner of the 
preceding examples because neither the entrance 
nor exit pupil is a physical diaphragm, and the 
region over which either integration must be ex- 
tended is a function of the position chosen in the 
image field. It will be assumed that the lens sys- 
tem is divided into two parts, a and 6 of focal 
lengths f, and f,, the subseript a referring to the 
part of the lens between the object and diaphragm, 
and 6 to the part following the diaphragm. Equa- 
tion 6 will be applied to the part of the lens con- 


sisting of the diaphragm and the part 6. The 
equation becomes 
*s 4 
. : 4 COS / : 
E Ble | 1008" Ba as (21) 
. M, 
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where Sz refers to the area of the diaphragm, B, is 
the angle between a ray and the lens axis in the 
space occupied by the diaphragm, and .M, is the 
areal magnification for the part of the system un- 
der consideration. (It is assumed that the image 
formed by the first part of the system, which 
serves as the object for the second part, is stig- 


matic.) If the rays passing through the dia- 


phragm and proceeding to any given point in the 
image field are parallel, 8, is a constant over the 
area of the diaphragm, and eq 21 becomes 


ba “. 1 


E=B/e* cos‘ | vi dS. 22) 
My 


Even if the rays passing through the diaphragm 
are not parallel, for most lens systems in use, the 
intermediate image is remote, and the aperture 
ratio of the beam is small. Consequently, as is 
shown by reference to table 1, eq 22, while not 
rigorously exact, will be a gcod approximation. 

The areal magnification \/, will be a constant if 
part 6 of the lens system introduces no distortion, 
In general, however, part 4 is a positive lens system 
preceded by a diaphragm, and the distortion for 
such a system is frequently negative. As has been 
mentioned, the effect of negative distortion is to 
increase the irradiance of the peripheral part of the 
image as compared with the central part. For 
most photographic systems 8, is greater than 8. 
Consequently, the factor cos * 8, indicates a more 
rapid decrease of irradiance from the center out- 
ward than would be predicted by the factor cos * 8. 
Therefore, in eq 22, the factors 1/4], and cos * 8, 
indicate departures from the cosine-fourth-power 
law in opposite directions, and a system with an 
internal diaphragm must be carefully analyzed 
before it is possible to say in which direction the 
irradiance deviates from the cosine-fourth-power 
law. In particular, if the portion of the lens that 
follows the diaphragm is free from distortion, .M, 
is a constant and, as is shown by eq 22, the irradi- 
ance varies as the fourth power of the angle be- 
tween the chief ray and the lens axis in the space 
occupied by the diaphragm. 


V. Effect of Light Losses Introduced by 
Reflection or Absorption 

In the preceding examples it has been assumed 

that the lens is free from losses by reflection and 


In an uncoated lens system such 
losses are seldom less than 30 percent and may be 


absorption. 
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considerably greater. 
flection and absorption for any element of » Jen: 
system are functions of the angle at whic!) tly 
pencil of light is incident. These losses, there foy 
are functions of 8 or 8’ of eq 6, and if they are t 
be correctly taken into account, the transmissio; 
coefficient should be within the integral sigy 
Deriving an analytical expression for the loss by 
absorption or reflection as a function of the angh 
of incidence, involving the curvatures of the sey- 
eral surfaces and the variations in thickness of tly 
lens elements introduces so many complications 
however, that it is usual to consider the transmit. 
tance as independent of 8 or 8’ and to write it jy 
front of the integral sign, as a factor multiplic: 
into B. This gives results satisfactorily accurat, 
for most photometric questions that arise in con- 
nection with a photographic objective. When th 
transmission factor is written in front of the inte- 
gral sign of eq 6, the magnitude of the factor does 
not affect the indicated variations in the irradian 

of the field that have been derived in the severa 
examples of section IV. Neither does the neglec’ 
of the effects of absorption and reflection introduc 
any error in the geometric relations that have bee: 
derived between entrance and exit pupils. 

One can use a filter that is denser in the cent 
and becomes more transparent from the cent: 
outward. If such a filter is placed some distan 
from a pupil plane, the transmitted beams i: 
radiating the central parts of the field pass throug! 
the denser parts of the filter while the more obliqu 
beams that irradiate the peripheral parts of th 
field pass through the outer less dense parts of th 
filter. Such a filter acts selectively to make th 
irradiance of the field more uniform. Unless ot 
has an abundance of light this is an undesiral 
method for increasing the uniformity of irradian 
it reduces the average irradiance «! 
therefore increases the length of the require 
exposure. To compute the effect of such a filt 
the analytical expression for its transmittan 
as a function of 8 (or 8’) should be introduced in! 
the integrals of eq 6. 

VI. Experimental Method for Measuring 
Pupils 

When a pupil is the image of a diaphragm ‘orm 

by a portion of the lens system, its size and shap 


can be most readily determined by a photograp! 
method. If, for example, the size and shape of t! 


because 
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ut: nee pupil are to be determined, a camera may 
iced in front of the lens of which the pupil 
), is to be measured and the diaphragm photographed 
through the parts of the lens that come between 
to i the actual physical diaphragm and the object 
oy |B space. If the camera system is centered on the axis 
of the lens and directed axially toward the dia- 
phragm, one obtains the pupil corresponding to 
|, 3—0. Lf, now, the camera remains fixed and the 
lens under test is rotated through the angle 8, 
be ME about an axis in the plane of the entrance pupil 
and at the right angles to the optical axis of the 
lens, one obtains the pupil corresponding to B= 8b. 
The images of the entrance pupils are measured on 
the resulting negatives by means of a planimeter 
t. | and multiplied by a suitable scale factor to deter- 
». | mine the area of the entrance pupil. The dia- 
» | phragm aperture can be irradiated to be photo- 
graphed by a ground glass and lamp placed back 
of the lens. This method of measurement gives 
the area of the entrance pupil as affected by 
vignetting if present. To similarly measure the 
exit pupil, the diaphragm is photographed through 
the back component of the lens under test. 

The method of the preceding paragraph is satis- 
factory for most purposes but is not rigorously 


accurate because, for the oblique positions, differ- 
of ent parts of the pupil are at different distances 

from the lens and are reproduced to different 

scales resulting in a distortion. This can be 
)@ climinated by using a telecentric system as shown 
in figure 4. The lens for which the entrance 
pupil is to be determined is shown at A. The 
entrance pupil, which is the image of the dia- 
phragm formed by the first two elements of the 








Ficure 4. Diagrammatic sketch of arrangements of parts 
experimental determinition of the dimensions of an 
entrance pupil of a photographic objective. 
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system, is represented at B. Actually, for the 
case illustrated, the entrance pupil would be 
within the lens, but it is shown here in front of 
the lens to emphasize its position in the object 
space. At C there is a lens, preferably corrected 
for chromatic aberration, which has the small 
diaphragm PD in its second focal plane. Lens @ 
and image plane /7 schematically indicate the 
camera with which the photograph is made. The 
diaphragm at D should in reality be the entrance 
pupil of the lens G. In the object space of lens 
(’ the chief rays are parallel, and therefore the 
different parts of the entrance pupil are repro- 
duced to the same scale. This arrangement 
gives a correct determination of the entrance 
pupil when the object is at an infinite distance. 


VII. Computational Method for Deter- 
mining Diameters of Pupils 


To determine the size of either entrance or exit 
pupil by computation is a tedious process. If the 
entrance pupil is to be determined for the angle 
8, & point in the object plane distant ¢ tan 8) from 
the axis is chosen, and rays from this point are 
traced into the lens as far as the particular space 
in which the physical diaphragm is located. By 
successive tests a series of rays are finally found 
that intersect the edge of the diaphragm. The 
tracing must be done trigonometrically and, skew 
rays are required. After a sufficient number of 
rays intersecting the edge of the diaphragm have 
been traced, one can construct the surface that 
encloses all the rays of the transmitted pencil. 
The cross section formed by the intersection of 
this surface with the plane of the entrance pupil 
defines the entrance pupil corresponding to 8p. 
If there is vignetting, the rays must be traced 
through the entire system and the size of the 
maximum transmitted beam determined. To 
determine the exit pupil, one traces rays in a 
similar manner, proceeding from the seleeted 
image point in the reverse direction through the 
lens. 


WasHINGTon, May 7, 1947. 
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Acid-Base Reactions in Benzene and Other Organic 
Solvents: Behavior of Bromphthalein Magenta with 
Different Classes of Organic Bases 


By Marion Maclean Davis and Priscilla J. Schuhmann 


Practical and theoretical aspects of acid-base reactions in benzene and other organic 
solvents are discussed. The synthesis of the indicators bromphthalein magenta E and B 
(the ethyl and n-butyl esters of tetrabromophenolphthalein) and of their tetraalkylam- 
monium salts is described. Qualitative and spectrophotometric data concerning the color 
reactions of the indicators with primary, secondary, and tertiary aliphatic amines, substituted 
guanidines, and other nitrogen bases in benzene and other types of organic solvents are 
presented. An explanation offered for the color phenomena is also applicable to sulfone- 
phthaleins and other indicators. 

Examples are given of the quantitative measurement of the relative reactivity of bases 
with bromphthalein magenta in benzene. Illustrations are furnished of the application of 
the indicators to the quantitative estimation of acids and bases, to measurements of the 
relative strengths of organic acids, and to the differentiation of primary, secondary, and 
tertiary aliphatic amines. 

During the spectrophotometric investigations, it was necessary to design new types 
of absorption cells suitable for volatile solvents and for thin layers of solution. A description 


of these cells is given. 


I. Introduction Because an understanding of the work described 
in this paper requires some familiarity with this 
theory, a brief explanation will be presented. 

The Brénsted-Lowry theory of acidity and basici 
ty.—According to the Brénsted-Lowry theory 
[1 to 5}' an acid is defined as a proton donor and a 
base is defined as a proton acceptor, as indicated 
in the following relationship: 


Practical methods for measuring acidity and 
basicity in organic media have not kept pace with 
sclentific and industrial needs. Moreover, the 
lundamental principles governing acid-base re- 
wtions in the various types of organic solvents 
are less understood than the principles governing 
these reactions in aqueous media and are con- 


siderably less familiar to the average chemist. A>B+Ht?. (1) 
rhis is understandable, as the great variety of acid base 


organic solvents now commercially available at 
moderate cost were for the most part chemical 
iriosities or completely unknown before World 

War I. As a result, there has been an overem- conversely, a base 
proton becomes an acid. A substance that acts 


Thus, when a compound behaves as an acid it 
is converted by loss of a proton into a base and, 
upon combination with a 


phasis of certain concepts that were developed in 


the study of aqueous systems. In particular, the as a base does so because it possesses a pair of 


unshared electrons. In other words, a base is an 
electron donor and an acid is an electron acceptor. 
Later it will be seen that this definition leads to a 
still more general concept of acids and bases. 
Either the acid or the base may be a cation, an 


theory that acidic and basic behavior are due, 
respectively, to hydrogen and hydroxyl ions has 
heen firmly implanted in the minds of most 
hemists who received their scientific training 
prior to the last 10 or 20 years. Since then, the 
ore eneral Brénsted-Low ry concept of acids 1 Figures in brackets indicate the literature references at the end of this 
and bases has gained increasing acceptance. paper. 
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anion, or an electrically neutral molecule, as 


shown in the following examples: 


NH,*—Ht+NH;, (2) 

HC.H,0.—Ht+C.H,0.- (3) 

H,O—H*+0OH- (4) 

HSO,-H*t +80, / 

. (5) 
acids bases 


Water behaves not only as an acid but also as a 
base, as shown in the following equation: 


H,O+ H*t-H,0* ; 

base acid (6) 
It is now generally accepted that the hydrogen 
ion does not exist in aqueous media as H* but is 
more accurately represented by the formula H,O*, 
as the proton is too readily captured to be capable 
of independent existence in the presence of a base. 
This means that reactions such as those shown in 
eq 2 to 5 will not occur urless a second base is 
present. For example, a combination of eq 2 
and 4 gives 


HO T NH; 


acid, base, 


‘NH, +OH- ” 


acid, base, 
of 3 and 6: 


HC,H,O, T H.0. ‘H,O* T C,H,0, 


; 8) 
acid, base, acid, base, 
and 4 and 6: 
H.O+ H,0-+H,0* + 0H enh 
acid, base, acid, base, 


In all cases, the net reaction is the transfer of a 
proton from one molecule or ion to another. Acid, 
and base, or acid, and base, are termed “conjugate 
pairs.” 

It is obvious that any acid dissolved in water 
will react according to eq 8, just as any derivative 
of ammonia will react according to eq 7. The 
uniform behavior of all acids and of ammonia 
derivatives in dilute aqueous solution is thereby 
accounted for. Hantzsch, who studied various 
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reactions of acids in different solvents, was ¢| 
first person to recognize this clearly and he coin, 
the expression “leveling effect’? to deseribe th, 
influence of water in masking differences jin ¢) 
intrinsic strength of acids [6,7]. Any solvent , 
basic character, such as liquid ammonia or py; 
dine, produces a comparable effect, giving NH- 
C;H;NH*, or in general solvated hydrogen joys 
In a similar way, a solvent of acidic character, g. 
for example glacial acetic acid, exerts a levelin: 
effect upon bases [8 to 10]. 

It becomes evident that solvents can be divide, 
into several categories. They are usually class. 
fied in the following way: 

1. Amphiprotie solvents.-These solvents bot 
give and take up protons with ease. Example: 
Water, alcohols. Such solvents can undergo s 
shown in eq 9. This 
makes possible the co 


ionization, as reactior 
termed “autoprotolysis,”’ 
struction of a pH scale for aqueous solutions 
acids, bases, and salts. 
2. Aprotic or inert solvents.-These solvents 
neither add nor release protons to an apprecial 


degree. Examples: Benzene and other hydroea 


bons; chloroform and other halogenated hydro- 


Autoprotolysis and leveling effects « 
not occur. In these solvents perchloric acid, t! 
strongest acid known, exhibits some tendency | 
but most acids sho 

In aprotic solvents 


carbons. 


dissociate into its ions, 

practically no ionization. 
most organic acids exist to some extent as doubl 
molecules or “‘dimers.’”” Bases such as _pyridin 
obviously cannot form ions. It is clear that tly 
term pH, which it will be recalled equals tl 
negative logarithm of the hydrogen-ion activit) 
is not applicable to solutions of acids or bases 

aprotic solvents. However, any pair of acids an 
bases will react with each other to an extent tha’ 
depends upon their intrinsie acidic and bas 
Reactions of this kind can be followe 


As is generall 


strengths. 
with the aid of indicator dyes. 
known, an indicator dye is either an acid or a bas 
which in becoming a salt, undergoes a structur 
modification that is accompanied by a change © 
color. In some cases, the reaction of an acid an 
a base can be followed conductimetrically ‘ 
potentiometrically, as most salts are somewha 
ionized even in an inert solvent. These are tl 
methods of greatest practical value, althoug! otlv 
chemical methods are known. 


Examples are liquid smmo- 


3. Basie solvents.— 
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nia, vliphatie amines, aniline, pyridine, ethyl 
ether. dioxane, and esters. Basic solvents exert a 
pronounced leveling effect upon acids but not 
upon bases. In some cases, basic solvents exhibit 
weakly acidic properties and undergo slight auto- 
protolysis, as for example [11]: 


2NH;—NH,*+NH,-. (10) 

t. Acidie solvents. —Examples are concentrated 
sulfuric acid, glacial acetic acid, and other organic 
acids. These solvents exert a strong leveling 
effect on bases. Acidic solvents may be weakly 
basic, and autoprotolysis may occur to a very 
minor extent, as shown for acetic acid: 


2CH,COOH—CH,COOH,* + CH,COO (11) 


In fact, Hantzsch attributed the electrolytic dis- 
sociation of perchloric acid in an aprotic solvent to 
a similar reaction, rather than to a dissociation 
into H* and ClO, ions. 

The theory of the hydrogen bridge—A 
theory that is vital for the understanding of acid- 
base reactions is that of the “hydrogen bond,” 
preferably termed the “hydrogen bridge’ [12 to 
23)? This theory postulates that the proton may 
be shared between two atoms, X and Y, either of 
the same molecule or of different molecules, to 
form a bridge between X and Y. In order to be 
apable of forming a hydrogen bridge, the proton 
must be part of an acidic group, which means that 
| is ordinarily attached to a halogen, oxvgen, or 
In certain cases, it may be at- 


second 


lutrogen atom. 
tached to a carbon atom holding a halogen or an 
insaturated group, as in chloroform, hydrogen 
ryanide, or phenylacetylene. Atoms X and Y 
may be the same or different. For example, 
there are believed to be OHO bridges connecting 
the individual molecules of water and the alcohols, 
an FHF bridge in the anion of hydrogen fluoride, 
ind NHN bridges connecting separate molecules 
of liquid ammonia. The weakly basic character 
of an aqueous solution of ammonium hydroxide 
is attributed to NHO bridges, and the dimeriza- 
ion of organic acids is attributed to OHO bridges. 
When X and Y are in the same molecule, as in 
silicvlaldehyde, a so-called “chelate ring’’ is 
formed. In such cases, the hydrogen bridge may 
have a high degree of stability. 


_—_. 





a voluminous literature on the hydrogen bridge The publica- 
were selected mainly because of their general character anc! be- 
au ve references to many other articles on the subject. 
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Although there can be little question of its 
widespread occurrence, the nature of the hydrogen 
bridge is not clearly understood. The proton can- 
not share two pairs of electrons at one time, but it is 
possible that a proton originally attached to atom 
X penetrates to some extent an electron shell of 
atom Y. The usual explanation is that electronic 
resonance is set up, giving something intermediate 
between two extreme forms, such as —O—H :NH, 
and —O~ H:*NH;. The simplest way of rep- 
resenting a hydrogen bridge can be illustrated by 
ammonium hydroxide: NH,;—H...OH. The 
linkage believed to be the weaker is indicated by a 
dotted line. 

The concept of the hydrogen bridge necessitates 
a modification of Brénsted’s hypothesis. He 
maintained that, as a consequence of his definition 
scheme eq 1, a conjugate pair of acids and bases do 
not possess the same electrical charge, so both 
cannot be electrically neutral molecules and at 
least one of them must be anion. However, as we 
have just seen, a proton may be only partially 
surrendered by an acid and only partially captured 
by the base 

The formation of the hydrogen bridge may 
therefore be regarded as incipient ionization, that 
is, an intermediate step in the complete transfer of 
a proton. The bond between hydrogen and atom 
X or Y is much weaker than an ordinary ionic or 
covalent bond, and rupture of a hydrogen bridge 
may lead to formation of either ions or neutral 
molecules. A familiar example is ammonia water, 
in which the following equilibria may be postulated : 


NH;+HOH=]NH;H ... OHNH ge +OH 


The Lewis theory of acidity and basicity.—G. N. 
Lewis proposed a much broader concept of acids 
than that of Brénsted and Lowry [24 to 26]. 
Lewis stated that acidity and basicity have nothing 
to do with the presence of any specific element or 
group of elements, and that no particular substance 


(12) 


is to be regarded as an acid or a base in an absolute 
A base is defined as an electron donor and 
Neutralization is 


sense. 
an acid as an electron acceptor. 
the formation of a coordinate covalent bond 
between the acid and the base. The adjective 
“coordinate” is inserted merely to indicate that 
both electrons are supplied by one of the inter- 
acting atoms, as the resulting bond is not different 
from other covalent bonds. 
molecule of more 


The reaction occurs 


because a stable electronic 


223 





An excellent: presentation 
of the Lewis electronic theory and a discussion of 


configuration results. 


its manifold applications, as well as a review of 
other acid-base theories, has published 
recently [27]. The authors of this textbook draw 
attention to the Lewis 


been 
analogy between the 
concept of acid-base reactions and the modern 
Acids 


and oxidizing agents are electron acceptors, while 


picture of oxidation-reduction reactions. 


bases and reducing agents are electron donors. 
However, there is a fundamental difference in the 
two types of reaction. In oxidation-reduction, 
electrons are transferred from the reducing agent 
to the oxidizing agent, whereas when an acid 
reacts with a base it gains only a share in a pair of 
electrons. 

Lewis gave credit to Brénsted and Lowry for 
overcoming the reluctance of chemists to think of 
basicity in terms other than the hydroxyl ion. 
The list of bases is identical for both theories. 
However, while the Brénsted-Lowry theory limits 
acidic properties to proton donors the Lewis theory 
recognizes any electron acceptor as an acid. In 
addition to the hydrogen acids, the following 
compounds are included among Lewis acids: 
BCI,, AIBr,, SnCl,, SO,, Ag*, and Cu**. The reac- 
tion of ammonia with boron trichloride is an 
example of neutralization involving one of these 


acids: 


H,N: + BCl,-H,N : BCI. (13) 


The neutralization product is not necessarily a 
salt, but may be a covalent compound, as in the 
example cited. Lewis contended that “to restrict 
the group of acids to those substances which 
contain hydrogen interferes as seriously with the 
systematic understanding of chemistry as would 
the restriction of the term oxidizing agent to 
substances containing oxygen” [25]. However, he 
suggested that the term “‘hydrogen acids” or, for 
short, ‘‘H-acids’’ might be used to designate those 
acids that are proton donors. The great useful- 
ness of Lewis's electronic theory of acids and bases 
in unifying a vast field of chemical reactions is 
clearly demonstrated in’ the references cited. 
Nonetheless, there are practical advantages as 
well as theoretical justification for considering 
the hydrogen acids as a special class. Kolthoff 
[30] has suggested that the Brénsted-Lowry defini- 

A more detailed review of the historical development of concepts of acids, 


bases, and salts can be found in a monograph by Walden [28] and in a series of 
articles published by the Journal of Chemical Education [29]. 
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tion of an acid remain unchanged and that ¢| 


: ‘ : tren. || 
larger group of acids recognized by Lewis } “ 
designated as “Lewis acids” or “proto-acids cat , 
To the writers, it is simpler and more logical } ative I 
consider the Brénsted-Lowry acids as a speciy » acid 
subclass, to be designated as hydrogen acids , way 
H-acids, as suggested by Lewis. The acids wi 2 De 
which the present investigations are concernefify);< js 
belong to this group, and the bases belong to thf aco or ; 
class of ammonia derivatives. he endy 

Object of the investigation. Owing to the impor orient. 


tance of water as a solvent, the behavior of aci( 
and bases has been investigated very extensively 
in this medium, but relatively few systemat 
investigations in organic media have been co 
ducted up to the present time. The result ha 
been a laborious development of empirical a 
often unsatisfactory procedures, as well as 

tendency to extrapolate concepts such as pH \ 
systems in which this term is meaningless. | 


lies arc 
indergo 
which tl 
luble ¢ 
ents Oo 
ause CO 
ten rer 
ohave ¢ 
trength 
though academic studies have thrown considerf&&ijorable 
ble light upon the subject, there is as yet no syst 
matic compilation of the knowledge so far obtaine \queous 
and there is a great need for further investigation. suita 
of acid-base phenomena in various solvents.  Th@yeasurer 


nvestiga 


purpose of the present work is threefold: To aidfformed a: 
in publicizing newer theories that are of consideradyyj}] he ny 


ble value in interpreting and predicting the bi Banving 
5 r anging 
havior of acids and bases in organic solvents, a#feompoun 


well as the experimental data upon which they ardhalline or 
founded; to obtain systematic data in regard tho neutra 
acid-base reactions in organic media, particularl¥these line 
in those solvents that are very dissimilar to waterfoped th: 
such as the aprotic solvents; and to assist in thhe same 
development of practical methods for measur The jn 
ment of acidity and basicity in organic solvents. Bhjuded th 
The study of acid-base reactions in any mediuifhin mage 
may be divided into two phases: lifferent 
1. Determination of the relative strengths of ac@y her org 
and bases. nected co 
cated by the pH values for equimolar concentrifrst were 
tions of acids or bases. The pH value for “Bion has | 
acid, HX, is a measure of the extent to which theories j 
base X~, present in relatively low concentrati 
can compete for the proton with the base watefhonstitutis 
which is very weak but present in high concent™i: jis belie 
As stated above, the term pH is not @pp'pplicatioy 
However, it is possi) 


In aqueous solutions, these are ind 


\planatic 


tion. 
cable to aprotic solvents. 
to ascertain the relative strengths of a series | 
acids in an aprotic solvent in terms of the exte 
of their reactions with some reference base, sv’ 


ribute to 


‘na in org: 


Acid - Bas 
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; si sic indicator dye. Similarly, the relative 
(Men hs of organic bases in an aprotic medium 
> determined by measurement of their 
ds activity with an acidic indicator dye. An alter- 
ul yativ method is to measure the extent to which 
a » acid (base) competes with an indicator acid 


hase) for a reference base (acid). 

Determination of total acidity or basicity. 
rhe@irhis is accomplished by titration with a strong 
) ase or acid. The indicator method for detecting 


he endpoint is usually the simplest and most con- 


'por#™ enient, provided indicators of satisfactory prop- 
ties are available. An indicator should not only 
Velindergo color changes in the spectral range to 
wi hich the eye is sensitive but should be readily 
COMMoluble and stable towards light and chemical re- 
h vents other than acids or bases. Moreover, be- 
al ise colored impurities or suspended particles 
8 @ften render one indicator useless, it is desirable 
i o have a substitute with the same acidic or basic 
Ag@trength but with a different color change. Con- 
leriff&iderable effort has been expended by a number of 
Vsi@nvestigators in the development of indicators for 


ne(Miqueous media, but only a few of these indicators 
lore suitable for organic media. Before acid-base 
Th@fneasurements of organic solutions can be per- 
) formed as readily as those of aqueous solutions, it 
lerafwill be necessary to provide a series of indicators, 
“Banging from strongly acidic to strongly basic 
*, 4%compounds. A further need is for stable, erys- 


“dalline organic acids and bases sufficiently strong 


( (ito neutralize weak bases and acids. Work along 
larl¥ithese lines by the writers is in progress, and it is 
ilet@hoped that others will direct their efforts toward 
| ithe same objective. 

st The investigations reported in this paper in- 
ts. Bluded the synthesis of the indicator, bromphthal- 
n magenta, and a study of its reactions with 


ferent types of organic bases in benzene and 


1e"@ither organic solvents. Interesting and unex- 
ul cted color phenomena were observed, which at 
Mist were very puzzling. A consistent explana- 


“ion has been found that is in harmony with the 
1(heories just reviewed, as well as with current 
planations for the relation of color to chemical 
a nstitution, and is applicable to other indicators. 
l is believed that these studies point to useful 
plications of the indicator and that they con- 


to an understanding of acid-base phenom- 
la in organic media. 
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II. Apparatus and Method 


The absorption spectra were obtained with a 
Beckman quartz photoelectric spectrophotometer 
[31], in which the original cell compartment had 
been replaced by one designed to hold a pair of 
3.8-cm (inside diameter) cylindrical cell holders. 
A photograph of the parts of the cell holder is 
shown in figure 1, A. In part of the experiments, 





Ficure 1. 


Absorption cell used in spectrophotometric 


measurements, and its component parts. 


From top to bottom: A, Cell holder with metal spacer, threaded cover, 
gaskets; B, quartz endplate, stainless steel spacer, tubulated endplate and 
stoppers; C, cell assembled in the holder 


each cell consisted of a stoppered quartz cylinder 
3.8 em in diameter and 1 em in length, open and 
polished at the ends, and fitted with a pair of 
matched crystalline quartz endplates that were 
The cylinder and endplates 
were assembled tightly in the cell holder by 


2 mm in thickness. 
means of a combination of metal spacers and 
Bakelite and rubber gaskets. To provide a cell 
5 mm in length, the quartz cylinder was replaced 
by a ring of monel metal, gold-plated. This ring 
(3.8 em o. d. and 2.8 em i. d.) was 5 mm in thick- 
ness. Two tubular openings through the rim, 
fitted with glass stoppers, were provided for filling 
the assembled cell and removing air bubbles. 

As a convenient means for obtaining still shorter 
cells of variable lengths, a new type of tubulated 
endplate was designed (fig. 1, B, and fig. 2). This 
was cut in one piece from fused quartz to a thick- 
ness of 1 em, and consisted of a circular plate 3.8 
em in diameter having a neck 2 em in width and 1 
em in length. Two tubular openings of unequal 
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Tubulated quartz ¢ nd plate with stoppers. 


Ficure 2 


length were drilled perpendicularly through the 
neck and continued through the plate so as to 
The 


spacing between the openings provided for non- 


emerge at an angle on one face of the plate. 


Glass stoppers 
When 
assembled in the cell holder with a stainless steel 


interference with the light beam. 
were ground to fit the openings in the neck. 


spacer of the desired thickness and a 2-mm thick 
crystalline quartz endplate (fig. 1, C), this pro- 
vided a very satisfactory absorption cell for meas- 
urements in the visible spectrum. Two such cells 
that contained either water or benzene were well 
matched between 390 and 700 mu, but did not 
show equal absorption in the ultraviolet region. 
When compared with a cell having two crystalline 
quartz endplates, they showed a very narrow ab- 
sorption band near 240 my, which was probably 
The 


the two 


due to a trace of iron in the fused quartz. 
of this 
tubulated endplates 


intensity band was different in 


Stainless steel spacers of 


» 


thicknesses 1, 2.5, and 5 mm were made, to pro- 
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vide absorption cells of these respective lent] 


the longer tube. 
In all the spectrophotometric measurements 
pair of cells was used in the customary wa 


Ordinarily the reference cell contained the py 


solvent ® and its companion cell contained {| 


solution under investigation. The solutions w 
prepared and the measurements were perform 
in a room kept at 25° C. By passing a stream 
air through the cell compartment, the increas: 


temperature caused by 


source was limited to the range 26°+1°C.  Soly. 


tions of known concentrations were prepared a 
Volumetric 

the National 

throughout. 


flasks al 
Bureau 


The mic 


diluted quantitatively. 


pipettes calibrated at 


Standards were used 


balance used for the preparation of most solutions 


of dyes gave a precision of 0.5 to 1.0 percent 
weights of the order used. Readings were m: 
at intervals of 5 or 10 mu. Measurements of t! 
percent transmittancy were usually reproducil 
within +0.2 percent. 


In some of the figures to follow, the transm 


tancies in percent and wavelengths in millimicro: 


are plotted as ordinates and abscissas, respective! 
The resulting curves are called “transmittan 
curves.” 


absorbancy index, dy, are given as, 


These were calculated by means of the equatio! 


logio ae 
a ’ 
m bxM 
in which 17 ,= Teom/Teay=—the 
the solute, 6 is the depth of the cell in centimet 
and M is the molar concentration of the solut 


transmittancy 


In the latter figures, both the wavelength in n 


microns and the wave number (reciprocal of 
wavelength) in centimeters ~' are given as abs 


| 


sas, at the top and bottom, respectively, o! 


figures. These curves are referred to as “mi 


absorbancy curves.” 


Since completion of the experimental work desevibed 
bination of a tubulated endplate with a thin quartz plate tha 
ndented area 0.1 or 0.5mm in depth has given satisfactory ce 
length 


§ Exceptions will be noted in the text 
The symbols and terminology used were recently adopted 
discussed in N BS Letter Circular LC857 


s used in preference t 


publications and are 
The term “molar absorbancy index 


tion index” or ‘“‘molar absorption coefficient 
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hs III. Materials 
e 1. Indicator Dyes 


eparation of the ethyl ester of tetrabromophenol- 
phthalein (‘‘bromphthalein magenta E’’”’). 


un ft Phenolphthalin was prepared from phenol- 
th fphthalein by a procedure based upon Baeyer’s 
yrief description [32] and was then converted suc- 
essively to phenolphthalin ethyl ester, tetra- 
yomophenolphthalin ethyl ester, the potassium 
alt of tetrabromophenolphthalein ethyl ester, and 


15 minutes with 100 ml of a 25-percent solution 
of ammonium chloride. The ammonium chloride 
solution was then decanted, and the zine was 
washed twice with distilled water. The activated 
zinc was added to a 500-ml round-bottom flask 
that contained a solution of phenolphthalein 
(0.25 mole, Eastman No. 202) in 125 ml of 10-M 
sodium hydroxide, and the mixture was heated to 
Near the boiling 
Heating 


boiling while constantly stirred. 
point, the solution became colorless. 
was continued on the steam bath for an hour. 


cht Itetrabromophenolphthalein ethyl ester. The en- After the addition of 150 ml of 6—N sodium 
Jy. tire series of transformations is shown in figure 3. hydroxide, the mixture was filtered through 
nd H 
nl 3 ) § 
| U) 2H V CeHg0H VU Bry 
ri. j a — oo 
(iy) aw ‘ ar — HG es ene +#o— , 
f, O 0-C:0 O 0-C-OH e OC-OCoHs 
ttl | I 
th R g g 
ibli 
I Ba 1m 
lit 
ns 3 ) 9 
ths Ba-/)-Br Br 8 Ba-)-Ba 
a ) KOH + 0 L Ht U 
- H#C—< > —_ c—<_» —_— c—<_> 
tes ‘ 
, (\ O-C-OCoHs /) O-C-OCoHs (» O-C-OCoHs 
- Br-\ /-Br Ba-\_/-Br Be- -Br 
re) i 
x g 9 
w y wu 
Figure 3. Outline of method for preparing bromphthalein magenta E. 
, Phenolphthalein; II, phenolphthalin; III, phenolphthalin ethyl ester; IV, tetrabromophenolphthalin ethyl ester; V, potassium salt of tetrabromo 


DT j hthalein ethyl ester; VI, tetrabromophenolphthalein ethyl ester 


The last four steps were performed essentially by 
the process outlined by Nietzki and Burckhardt 
3). However, experiments with several small 
batches were conducted to determine the most 
lavorable conditions, and at various stages modifi- 
The following descrip- 
tion applies to the procedures found to be most 


cations were introduced. 


sutisinctory, 
Preparation of phenolphthalin (11, fig. 3).—Zine 
dust (0.76 mole) was “activated” by stirring for 


ne was coined as a substitute for the cumbersome chemical ter- 
is intended to suggest the relation of the compound to phenol- 
nd to the sulfonephthalein indicators. The suggested abbrevia 


M. The suffixes E and B denote the ethyl and_n-butyl esters, 
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(“bromphthalein magenta E. ° 


The resi- 
N sodium 


asbestos to remove the excess of zinc. 
due of zine was heated to boiling with 6 
hydroxide, and the mixture again filtered through 
asbestos. Thecombined filtrates were then poured 
into a slight excess of 3.6—N hydrochloric acid 
(500 ml). The flocculent precipitate was digested 
with water on the steam bath and then washed 
Finally, it was 
filtered with dried in a 
vacuum oven at 100° C. The yield was 77 per- 
cent. The product (mp, 232° to 236° C)* may be 
used without further purification or recrystallized 


several times by decantation. 
the aid of suction and 


* All melting points were determined with an ASTM thermometer for 
3-in. immersion, calibrated at the National Bureau of Standards 
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from n-butyl alcohol (about 50 ml of hot butyl 
alcohol to 10 g of phenolphthalin). The recrystal- 
lized product melted at 235° to 235.5° C.  Baeyer 


reported the melting point of phenolphthalin to be 

225° C, but in catalog No. 35 of Eastman Organic 

Chemicals it is given as 232° to 236° C. 
Preparation of phenolphthalin ethyl ester (III, 


fig. 3).—Phenolphthalin (0.2 mole) was dissolved 
in 1 liter of absolute ethyl alcohol, the solution 
saturated with dry hydrogen chloride, and the 
flask closed tightly with a glass stopper. After 
the solution had stood for several days at room 
temperature, it was concentrated to 400 ml on 
the steam bath and then poured onto ice, where- 
The yield of 
air-dried product was 100 percent. The solid was 
dissolved in 100 ml of ether and extracted with 
small portions of a 10-percent solution of sodium 
carbonate until the extract was no longer pink. 
The ether was evaporated and the residue was 
dissolved in 1.5 liters of hot benzene. Flat needles 
(mp, 156° to 157° C) were obtained in 82.5-percent 
vield. After extraction with carbon tetrachloride 
the residue melted at 157° to 158° C. Nietzki 
and Burckhardt reported the melting point as 
156° to 158° C. 

Preparation of tetrabromophenolphthalin ethyl 
ester (IV, fig. 3).-A solution of phenolphthalin 
ethyl ester (0.15 mole) in 225 ml of 95-percent 
ethyl alcohol was cooled to 0° C, and was then 
shaken constantly during the dropwise addition 
of bromine (0.6 mole). The temperature of the 
mixture was not allowed to rise above 15° C. 
The mixture was placed in a refrigerator for half 
a day, during which time a large crop of granular 
yellowish crystals formed. The precipitate was 
filtered with the aid of suction, and the yellow 
color was removed by washing with small portions 
of alcohol. The yield of air-dried product (mp, 
161° to 162° C) was 73 percent. A sample re- 
crystallized from 95-percent alcohol containing 
Darco charcoal gave irregular prismatic crystals 
that melted at 162.5° to 163.5° C. Additional 
dark yellow, sticky solid was obtained by dilution 
of the alcoholic filtrate and washings with about 2 
liters of water. Crystallizing this from alcohol 
produced a solid tinged with light yellow and 
brought the total yield to 84 percent. Nietzki 
and Burckhardt performed the bromination in 
glacial acetic acid and obtained a product that 
melted at 163° after recrystallization from acetic 


upon a curdy solid precipitated. 
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acid. No yield was reported. Glacial acetic a¢ 


and carbon tetrachloride were found by us to Ipf 


less satisfactory solvents than ethyl alcohol, froy 
which the product separated more readily anc in 
purer condition. 

Preparation of the potassium salt of tetrabrony. 
phenolphthalein ethyl ester (V, fig. 3).—Tetrs. 
bromophenolphthalin ethyl ester (0.1 mole) was 
dissolved in a cold solution of 0.4 mole of potassiuy 


hydroxide in 200 ml of water, yielding a colorless 


solution. 
while potassium ferricyanide (0.2 mole in 200 p 
of water) was added rapidly. After about 

minutes, the dark blue slimy precipitate was 
filtered with suction, and the moist product was 
dried on a clay plate.’ The air-dried solid, in smal! 
portions, was extracted with 95-percent etl 
alcohol in a Soxhlet apparatus. A dull gree 
crystalline solid separated from the alcoho 

extracts (total vield, 55 percent). A white resid) 
in the thimbles was identified as potassium ferr 
A second extraction of the solid wit! 


The solution was mechanically stirred 


cyanide. 
95-percent alcohol yielded lustrous green crystal: 
Preparation of tetrabromophenolphthalein eth 
ester, “bromphthalein magenta E” (V1, fig. 3 
The potassium salt of tetrabromophenolphthaley 


ethyl ester was converted into tetrabromophenol- 


phthalein ethyl ester in portions of 5 g, under sligh’ 
variations of the following procedure. 
sium salt was suspended in 100 ml of water, am 
acetic acid was added in small portions until, aft 
thorough shaking, the color of the solid had changed 
to brick red. Benzene (200 ml) was then added 
and the mixture was heated on the steam bat 
under reflux. After half an hour, during whi 
the mixture was occasionally shaken, all but 

trace of the brick-red solid had dissolved in 1! 
benzene. The orange-red benzene layer ws 
separated, partly dried by filtration through fi! 

paper and, while still hot, was divided betwe 

two 250-ml Erlenmeyer flasks and placed in 

desiccator that contained calcium chloride ané 
The desiccator was connected with th 
The solution became slightly turb 


vaseline. 
water pump. 
but cleared after boiling started. 
liquid became concentrated and cooled by the 
evaporation of solvent, crystals began to form 
These consisted of short, silky, light-yellow needles 
which at first aggregated in a sheaf-like arrangt- 


As soon as th 


* Subsequent batches were centrifuged at this point with ¢ 
saving of time. 
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then changed into fluffy balls that finally 

the liquid. During filtration these crystals 

. considerable part of their bulk and changed 

bright orange powder. On heating for a 
few hours in a vacuum oven at 85° to 105° C, the 
color changed to brick-red. The total yield of 
oven-dried product from 41.5 g of the potassium 
sali was 85 percent. The products from five 
separate preparations gave identical absorption 
Bspectra when dissolved in benzene. Recrystalli- 
zation of 31 g from 1.5 liters of benzene gave 91 
percent of oven-dried product that had an un- 
changed absorption spectrum. 

Several experiments were performed to deter- 
mine Whether the benzene of crystallization in the 
air-dried solid was present in stoichiometric pro- 
portions. The results were inconclusive, but may 
indicate the presence of 1 molecule of benzene of 
crystallization, which is slowly lost at atmospheric 
When heated at atmospheric pres- 
sure, the orange powder dries to a porous mass 


conditions. 


that can be ground to a brick-red powder. The 
solid melts to a deep-red liquid at about 209° to 
210° C. Nietzki and Burekhardt obtained stout 
blood-red prisms (mp, about 210° to 215° C) from 
alcohol. 

Analysis: © Calculated for C..H,,O,Bry: C, 39.9; 
H, 2.1; Br, 48.3. Found: C, 40.5; H, 2.3; Br, 
48.2. For the product of Nietzki and Burck- 
hardt the following analysis was reported: C, 39.4; 
H, 2.3; Br, 49.4. 


(b) Preparation of the n-butyl ester of tetrabromophenol- 
phthalein (‘‘bromphthalein magenta B"') 


Preparation of phenolphthalin n-butyl ester.— 
Phenolphthalin (0.1 mole) was dissolved in 150 
ml of hot n-butyl alcohol (commercial high grade). 
The solution was saturated with dry hydrogen 
chloride and heated on the steam bath for several 
days. The excess of butyl aleohol was distilled 
off under reduced pressure, and the residue in the 
distilling flask was poured onto ice. The thick 
sirup that formed was converted into a granular 
solid after continued stirring. The suction-dried 
precipitate was dissolved in ether, and the ether 
solution was extracted with 10-percent sodium 
carbonate solution until the extract showed only 
a faint pink color. The ether layer was then 
washed with water and finally evaporated to dry- 
less on the steam bath. When the residue was 


inalyses were performed by Kenneth 1D. Fleischer. 
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dissolved in 100 ml of hot benzene, a yellow solu- 
tion was formed from which small needles precip- 
The needles were filtered and 
washed with cold benzene until no color remained. 
After 4 hours in a vacuum oven at 80° C, 78 per- 
cent of product (mp, 131° to 131.5° C) was 
obtained. 

Analysis: Calculated for C.,H.O,: C 
6.4. Found: C, 76.7; H, 6.7. 

Preparation of tetrabromophenolphthalin-n-butyl 
ester-—The same procedure was followed as for 
the preparation of the corresponding ethyl ester, 
except that n-butyl aleohol was used in place of 
ethyl aleohol as the solvent for bromination. 
Phenolphthalin n-butyl ester (0.2 mole) gave a 78- 
percent yield of the tetrabromo-derivative. The 
melting point (138° to 138.4° C) was raised to 
139.5° to 139.8° C by reerystallization from 
methyl alcohol. 

Preparation of the potassium salt of tetrabromo- 
phenolphthalein n-butyl ester-—The procedure cor- 
responded to that used for the ethyl ester. The 
largest quantity used in an experiment was 0.03 
mole of tetrabromophenolphthalin n-butyl ester. 
Acetone was used for extraction of the product in 
a Soxhlet apparatus. Lustrous green crystals 
were obtained. 

Preparation of tetrabromophenolphthalein n-butyl 
ester, “bromphthalein magenta B.’’--The method 
was similar to that used for the preparation of 
bromphthalein magenta E. The oven-dried prod- 
uct (vield from 0.0275 mole, 72 percent) was bright 
orange in color and melted and partly decomposed 
at about 110° C. 

Analysis: Calculated for C,,H,O,Bry: C, 41.8; 
H, 2.6; Br, 46.3. Found: C, 42.2; H, 3.0; Br, 47.4. 
The absorption spectrum of a 5 107°-V/ solution 
of bromphthalein magenta B in benzene did not 
differ significantly from that of an equimolar 
solution of bromphthalein magenta E. The 
synthesis of bromphthalein magenta B has not 
hitherto been reported. 


itated on cooling. 


, 76.6; H, 


2. Organic Bases 


The best commercial grade of organic bases was 
used in all cases. Samples of bases that are avail- 
able only in research quantities were obtained 
through the courtesy of several manufacturers. 
A list of the bases, which includes 14 primary 
aliphatic amines, 18 secondary aliphatic amines, 
12 tertiary aliphatic amines, and 6 guanidine deri- 
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vatives, is given in table 1. The source and the 
method of purification, if any, are indicated in the 
footnotes at the end of the table. The prepara- 
tion of tetraalkylammonium salts is described later 
in the text. Reference will also be made to tri- 
methylamine oxide, certain alkaloids, and guanidine 
salts. 

TABLE 1.—Source of organic bases and method of purification 


Tertiary aliphatic 
amines 


Secondary aliphatic 
amines 


Primary aliphatic 
amines 


2-( Butylamino)-l-phenyl- | Diethylbenzylamine « 
ethanol » N-Ethyl morpholine * 
8-Butylaminopropio-| Hyamine B « 
nitrile » Hyamine H « 
Di-n-amylamine * Methyldiethanolamine > 
Di-iso-amylamine * Pyridine 
' Di-n-butylamine ¢ Tri-n-amylamine * 
Dicyclohexylamine * Tri-iso-amylamine ¢ 
Diethanolamine * Tribenzylamine * 
Diethylamine ¢ Tri-n-butylamine * 
Di-(2ethylhexylDamine * Triethylamine ‘ 
2,3-Dimethyl piperidine «| Tri-n-propylamine * 
Di-n-propylamine « 
2-(2-Ethythexylamino)-1- 
phenylethanol > 
-N(2-Ethythexy) - N-a- 
methylbenzylamine * 
2-(Methylamino)-l-phenyl- 
ethanol > 
N-Methylethanolamine * 
a-Methylpiperidine * 
Octylethanolamine > 
Piperidine ¢ 


o-Aminodiclohexy] * 
2-Amino-2-methy!-1- 
propanol 4 
2-Amino-1-butanol 4 
a-Amylamine * 
iso Amylamine * 
Benzylamine ¢ 
n-Butylamine ‘ 
iso-But ylamine * 
sec-Butylamine ° 
Cyclohexylamine ! 
n-Heptylamine ¢ 
n-Octylamine ¢ 
n-Propylamine « 
iso-Propylamine * 


Guanidine derivatives 


1, 2- Dieyclohexylguani- 
dine « 
1,2- Diphenylguanidine 
| 1,2-Di-o-tolylguanidine 
Dodecy lguanidine * 
1, 2, 3- Triphenylguani- 
dine '! 
1,2-Di-m-xylylguanidine * 


Miscellaneous 


° @ 


Trimethylamine oxide / 


* Eastman Kodak Co.; no further treatment 

* Carbide & Carbon Chemicals Corp.; no further treatment 

¢ Sharples Chemicals Inc.; no further treatment. 

4 Commercial Solvents Corp.; no further treatment 

¢ Réhm and Haas; no further treatment 

' Eastman Kodak Co.; dried over sodium hydroxide and redistilled 

* American Cyanamid Co.,; isolated from hydrochloride, recrystallized from 
toluene, and dried in a vacuum oven at 100° C, Mp, 180° to 181° C 

» Eastman Kodak Co.; recrystallized twice from toluene and dried ina 
vacuum oven at 75° C; Mp, 147.5° to 147.8° C, 

‘Eastman Kodak Co.; recrystallized twice from benzene and dried in a 
vacuum oven at 100° to 110° C; Mp, 175° to 175.5° C 

i Synthesized from trimethylamine; mp, 94.5° to 95.5° C (dihydrate) 

* American Cyanamid Co.: no further treatment 

' Eastman Kodak Co.; recrystallized once from cyclohexane and dried in air 
mp, 144.5% to 145.5°C 


3. Solvents 


Benzene.—A high grade of commercial solvent 
was dried over Drierite and redistilled [34]. 

Cycloherane.—A high-grade solvent suppled for 
spectroscopic work was used without further 
treatment. 

Diorane.—Commercial solvent was purified ac- 
cording to the method of Eigenberger [35]. 


Ethyl acetate—A high grade of commercial sol- 
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vent was shaken with dilute alkali, washed, cried. 
and distilled [34]. 

Ethyl alcohol.- 
tilled [34]. 

Ethylene dichloride (1, 2-dichloroethane).—A high 
grade of commercial solvent was used. This 
showed no acidity when freshly opened. |; 
stored in a colorless glass container in indirect 
daylight, the solvent acquired an acidic reaction 
ina few weeks. Deterioration was very slow whey 
the solvent was protected from light. 

Other solvents used in qualitative tests wer 
high-grade commercial specimens. 


95-pereent alcohol was redis. 


IV. Data and Discussion 
1. History of Bromphthalein Magenta 


The dye referred to as “‘bromphthalein magenty 
E”’ was first synthesized in 1897 [33] in the cours 
of studies of the structures of phenolphthalein and 
related compounds. In a similar connection, j\ 
has been the subject of spectrographic studies |) 
Thiel and Diehl [36], and by Madame Ramart. 
Lucas and her collaborators [37, 38]. The dy 
and its potassium salt have been proposed for tly 
detection of native protein [39]. 

Bromphenol blue, the sulfonephthalein analog 
of bromphthalein magenta, has been used as an 
indicator in acid-base studies in hydrocarbons and 
their halogenated derivatives, such as benzen 
[40 to 43] and chlorobenzene [44], as well as in 
acetonitrile [45]. It has limited solubility i 
benzene (about 10~* mole per liter) and tends to 
form precipitates with certain amines. Further 
more, two changes in color, namely from colorles 
to yellow and from yellow to blue, complicate i's 
use as an indicator [43]. It had been though! 
likely that the ethyl ester of tetrabromopheno!- 
phthalein (“bromphthalein magenta E,”’ “BPM-E 
would show a higher solubility in hydrocarbon: 
and related solvents, as well as a single colo 
change from yellow to blue or purple upon reactio! 
with an organic base. The first expectation was 
fulfilled,"' and the products of its reaction will 
secondary aliphatic amines or tetraalkylammo- 
nium hydroxides give blue solutions in benzew 
However, the interesting discovery was made thi! 
tertiary aliphatic amines and symmetrical (i- ©! 
triaryl-substituted guanidines react with rom 
phthalein magenta to give magenta solutions !! 


The solubility in benzene is more than 10° mole per liter 


Journal of Research 








iD 


an 


SO) 


bla 





am 

differe 
of te 
phtha! 
tions ¢ 
been 3 
are dis 
howev 
behav! 
variou 


but 1s 


Acid .E 





ried 
edis- 


high 
This 

If 
irect 
tion 
vhen 


wert 


enta 
urs 


and 


s by 
lart 
dy 
th 


alog 
3 an 
and 


LET 


wel . 
olo 
tio! 


Wis 


rch 






lh vw and like solvents. Primary aliphatic 
s display hybrid behavior, giving red-violet 


ons whose absorption spectra show resem- 


an 


st) 


blances to those of both secondary and tertiary 
amines. Furthermore, there are characteristic 
differenees in the blue color and absorption spectra 


of tetraalkylammonium derivatives of brom- 
phihalein magenta, on the one hand, and solu- 
tions of the dye to which secondary amines have 
been added. These and other color phenomena 
are discussed in following sections. At this point, 
however, it may be noted that the differentiating 
behavior of bromphthalein magenta towards 
various classes of bases in benzene is not unique 
by bromphenol blue and other 


but is shown 
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Ficure 4. 


{, Benzaurin (X=H) (yellow); II, carbinol 
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C- 
OH 


colorless); III, 


sulfonephthaleins as well as by dyes of several 
other classes [43]. 

Replacement of the ethyl radical in the carb- 
ethoxy group by a n-butyl radical would not be 
expected to affect the behavior of bromphthalein 
magenta as an indicator in a noticeable way but 
might confer increased solubility in hydrocarbons. 
Bromphthalein magenta B is indistinguishable 
from bromphthalein magenta E as an indicator, 
although it is five or more times as soluble in 
benzene on a molar In cyclohexane, a 
10-*-\f solution of bromphthalein magenta B 
could be prepared, but the solubility of brom- 
phthalein magenta E was too small for use in 
this solvent. 


basis. 
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Structural and color changes of benzaurin. 
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2. Structure of Bromphthalein Magenta 


Bromphthalein magenta (E or B) belongs to the 
broad class of triphenylmethane dyes. More 
specifically, it may be regarded as a derivative of 
the simplest benzein dye, benzaurin.” The for- 
mula of benzaurin (1) is given in figure 4. The 
position marked X in ring 3 is that oceupied by 

H in benzaurin, by the group —COOC,H, in 
bromphthalein magenta E, and by the group 
—COOC,H, in bromphthalein magenta B. The 
latter two compounds have 4 bromine atoms in 
place of the hydrogen atoms ortho to the C—O 
groups in rings | and 2. For simplification of the 
figure, the bromine atoms have been omitted. 
The sulfonephthalein dyes are likewise related to 
benzaurin, having X=—SO,H. Substituents in 
position X have often been found to protect tri- 
phenylmethane dyes from the addition of a mole- 
cule of water, which would give the colorless car- 
binol (II, fig. 4). It is likely, also, that they 
produce a slight modification of the color of the 
dyes. 

However, the groups that are most actively in- 
volved in the structural changes and the accom- 
panying shifts in spectral absorption, which occur 
when a dye of the benzaurin type is transformed 
to its anion or cation, are the methane carbon 
atom and the quinoid (ring 1) and phenolic (ring 2) 
groups. The simplest explanation of the color 
phenomena involved is based upon the present-day 
concept of electronic resonance." The neutral 
molecule gives yellow solutions in hydrocarbons 
and halogenated hydrocarbons because the well 
known chromophoric or “color-bearing”’ quinoid 
group O=C,H,-- is present in the molecule. The 
anion (III, fig. 4) is formed by the loss of one 
proton from the —OH group, and the cation (LV, 
fig. 4) is produced by the addition of one proton 
to =O. In figure 4, it can be seen that ITI, B, is 
the same as III, A, except for the distribution of 
electrons. A similar relationship holds for IV, A, 
and IV, B. The anion (or cation) is believed to 
have a hybrid structure, intermediate between the 
extremes A and B, due to the resonance between 
these two forms." 


’ 


Such resonance is considered 


'2 Its relationship to phenolphthalein has already been noted 

8 This has been found to be true for basic triphenylmethane dyes. 
of the benzaurin class have been less thoroughly studied [38] 

4 Equivalent to the British term “‘mesomerism.” 

' The double-headed arrow is often used to indicate resonance among 
different structures [23]. A and B are the principal but not the sole con- 
tributors to the hybrid anion (or cation 
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to cause a shift in the absorption of light, frorm ¢), 
ultraviolet to the visible portion of the spect ruy, 
When this occurs, the substance in question trans 
mits light of one of the deeper colors, for examp| 
red, violet, blue, or green [17, 23, 36, 46 to 50). 

The cation form of bromphthalein mageny 
(red in color) can be obtained by dissolving tly 
dye in concentrated sulfuric acid. The dye 
this case is acting as a base. However, its by. 
havior as an acid is of principal interest. [t 
well known that phenol shows acidic propertirs 
that are enhanced by substitution of halogen » 
nitro groups in the ortho position. This princip) 
was used to advantage in the synthesis of certain 
sulfonephthalein indicators [51]. An explanation 
for the acidic behavior of phenol based upon tly 
resonance concept has been given [17, 23]. Av. 
cording to this view, the —OH group lies in t) 
plane of the benzene ring, with the —H direet« 
toward one of the ortho positions. Studies of t) 
infrared spectra of phenol, o-bromophenol, 2,4 \- 
tribromophenol, and other substituted phenols 
have led to the belief that, when ortho positions 
in phenol are substituted by halogen atoms, t! 
proton of —OH is displaced to a small exten! 
toward an adjacent halogen atom [52, 53]. Whi 
the same ideas are applied to bromphthaleu 
magenta, which has a structural relationship | 
tribromophenol, its acidic properties may be ac- 
counted for and it can be predicted that, becaus 
the proton of —OH is attracted toward a neigh- 
boring bromine atom within the molecule, th 
tendency for intermolecular association of th 
—OH groups to give dimers or higher polymers 
[16] will be absent. In other words, bromphthale: 
magenta should exist in monomeric form in soli: 
tion and is therefore likely to conform to Beer: 
law [54]. 


3. Color and Absorption Spectra of Bromphtha!- 
ein Magenta in Different Organic Solvents 


Benzene.— Benzene, the solvent for most of th 
spectrophotometric work described in this pap: 
was chosen because of its importance as a solvel!, 
availability in high quality at moderate cost, goo" 
solvent properties, aprotic character, stability, al 
miscibility with other organic solvents. [n th 
range of concentrations studied, namely, 1.6 1 
to 3X10-'M, the absorption spectra of BPM-E 
and BPM-B coincided within experimenta! er! 
and showed no deviations from Beer’s law. Tl 
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bso ption spectrum of a 10°*M solution of 
3P\\- showed no change after 4 months, during 
yhich time it was protected only from evaporation 
ind from direct sunlight. 

The absorbancy curve obtained for 5 10~°-M 
yomphthalein magenta E in benzene is shown in 
fivure 5 (curve 1). The high absorption of benzene 
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Fiecre 5. Effect of solvent upon molar absorbancy of 


bromphthalein magenta. 


Bromphthalein magenta E in benzene; (2) bromphthalein magenta B 
clohexane; (3) bromphthalein magenta E in ethylene dichloride. 


prevents measurements at wavelengths shorter 
than about 280 my, and there is no measurable 
absorption by the dye at wavelengths greater 
than about 530 mg. Two maxima appear near 
285 mu (35,100 em~') and 405 my (24,700 em~), 
with the respective molar absorbancy indexes 
13,000 and 26,500. A minimum is located near 
335 my (29,800 em~'), with the molar absorbancy 
index 6,450. 

Ramart-Lucas has given the absorbancy curve 
lor the same compound in benzene [38] with the 
values for the logarithm of the molar absorbancy 
index plotted as ordinates. When the data for 
our best sample of bromphthalein magenta E 
were plotted on the same basis, the absorbancy 
was found to be greater than that reported by 
Ramart-Lucas. A sample of bromphthalein 
magenta E (specimen A), obtained from the first 
irial synthesis, was later shown by its chemical 
analysis and absorption spectrum to be contami- 
tiated with some other substance. The most likely 
impurity was tetrabromophenolphthalein, which 
could be formed by saponification of the potassium 
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salt during the synthesis of bromphthalein magenta 
E. From the chemical analysis, it was calculated 
that specimen A might contain 80 percent of 
bromphthalein magenta / and 20 percent of tetra- 
bromophenolphthalein.”© This assumption was 
checked spectrophotometrically ; that is, when the 
absorption spectrum of specimen A in benzene was 
compared with that of a solution that contained 
the calculated equivalents of bromphthalein 
magenta E and tetrabromophenolphthalein, the 
differences in the spectra were within experi- 
mental error. The lower values for the absorb- 
ancy indexes found by Ramart-Lucas may have 
been due to the presence of tetrabromophenol- 
phthalein in the ethyl ester used by her. Unlike 
bromphthalein magenta, tetrabromophenolphthal- 
ein does not show visible reaction with organic 
bases in benzene, and it may therefore be regarded 
as an inert impurity when bromphthalein magenta 
is used as an indicator in benzene. 
Cycloherane.—The absorbancy curve obtained 
for 5 10-°—M bromphthalein magenta B in cyclo- 
hexane is given in figure 5 (curve 2). In the visi- 
ble region, the curve is very similar to that obtained 
for an equimolar solution in benzene, except that 
it is slightly narrower and has shifted about 15 
mu toward the ultraviolet. There are two maxi- 
ma, at the approximate positions 280 my (35,700 
em™~') and 390 my (25,600 em~'), with the respec- 
tive molar absorbancy indexes 12,000 and 27,000. 
A strong absorption band near 45,000 em~! is also 
indicated. Two minima appear near 255 mu 
(39,200 em~') and 325 mu (30,800 em~'), with the 
respective indexes 9,000 and 6,400. There was 
no evident deviation from Beer’s law in the range 
of concentrations 1.25 10~° to 5x 107° M. 
Ethylene dichloride.—The absorbancy curve ob- 
tained for 510-°-M bromphthalein magenta E 
in ethylene dichloride (curve 3, fig. 5) shows 
absorption and transmission bands in the same 
regions as those observed for an equimolar solu- 
tion in benzene but with differences in intensity. 
The absorption bands found near 285 my (35,100 
em~') and 405 my (24,700 em~') have the respective 
molar absorbancy indexes 12,000 and 28,000, 
That is, absorption of BPM-—E in the ultraviolet 
region is slightly less in ethylene dichloride than 
in benzene, but in the visible region it is greater. 
However, these differences in the intensity of 
*A commercial specimen of the latter compound showed two narrow 


absorption bands in benzene near 284 mg and 292 mg, with the respective 
molar absorbancy indexes 5,900 and 5,300 
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absorption are not great enough to exclude the 
possibility of their being due to some impurity 
in the commercial ethylene dichloride. Trans- 
mission bands appear near 255 my (39,200 em~') 
and 332 my (30,100 em~'), with the respective 
absorbancy indexes 8,600 and 7,000. The latter 
transmission band is very flat, showing almost 
constant transmittancy in the range 310 to 340 
mu. 

Other solvents.—Ramart-Lucas obtained nearly 
identical absorbancy curves for the ethyl ester of 
tetrabromophenolphthalein in benzene, chloroform, 
and diorane [38]. For alcohol, she obtained an 
entirely different curve, with a narrow band of 
high intensity near 600 mu. This is because the 
alcohol reacts as a base with the indicator, just as 
distilled water acts as a base with bromphenol 
blue to give the blue form of that indicator.” A 
curve obtained for the potassium salt of brom- 
phthalein magenta E or B in alcohol had a pattern 
very similar to that obtained by Ramart-Lucas 
and by the authors for the free indicator acid in 
alcohol, as well as to a curve obtained by her for a 
solution of the indicator in aqueous alcohol which 
contained sodium carbonate. Bromphthalein ma- 
genta gives a yellow solution in hydrocarbons 
and halogenated hydrocarbons other than those 
mentioned, as well as in very weak bases, such as 
ethyl ether and dioxane. Acetic acid and other 


’ Ramart-Lueas does not attribute the change from yellow to blue to 


reaction with a base, as she does not recognize that alcohol and water have 


basic properties [38], 
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/ 


organic acids also give a yellow solution of thf 


indicator. The effect of basic solvents wil] }, 
discussed more fully in sections IV-8 and |V-) 


4. Reaction of Bromphthalein Magenta with Aj. 
phatic Amines and Symmetrical Di- or Triar 
Derivatives of Guanidine in Benzene 


Tertiary aliphatic amines and di- or trian. 
guanidines.—The yellow color of bromphthak 
magenta (EK or B) in benzene is changed to a viy) 
magenta when an excess of a tertiary aliphat 
amine or a symmetrical di- or triarylguanidin 
Solutions in which only part of the ip. 
converted the “salt” an 


added. 
dicator 
orange, red, and intermediate tones, depending 
upon the relative concentrations of indicator an 
The different colors are very bright ay 
easily distinguished by the unaided eye. Examples 
of organic bases that belong in this group « 


has been to 


base. 


shown in figure 6. Each of the solutions containe 
410~°-M bromphthalein magenta E, 
10~°-M/ base (1.25 molar equivalents of thy 
In numerics 


togetly 
with 5» 
indicator) in a l-em absorption cell. 
order, the transmittancy curves represent tly 
following solutions: (1) Indicator without adde 
base; (2) N-ethylmorpholine; (3) 1, 2, 3-tripheny!- 
guanidine; (4) triisoamylamine; (5) tri-n-buty- 
amine; (6) tri-n-amylamine; (7) triethylamin 
(8) 1,3-diphenylguandine; (9) 1, 3-di-o-tolylguan- 
dine. Other bases not shown in this figure fi 
into the following 
benzylamine; (1b) pyridine; (3a) diethylbenzy'- 


respective orders: (la) Tr- 


F- 
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Ficure 6. 


Transmittancy curves for bromphthalein magenta E, 410-5 M in benzene, in 1-cm cell, with 1.25 


equivalent of the following organic bases. 


1 Nom 2 
-diphenylguanidine; (9 


N-ethylmorpholine: (5) 1,2,3,-triphenylguanidine; (4 


amine s 1, }di-o-tolylguanidine, 
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triizoamylamine; (5) tri--buty!amine; (¢ tri-n-amy lamine 
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(5a) tri-n-propylamine; (10) di-m-xylyl- 
dine. Tribenzylamine and pyridine reacted 
feebly. The studies were conducted pri- 
'y to determine the general pattern of be- 
havior, and only a single measurement was made 
with each base. Because of this fact and also 
because traces of water, carbon dioxide, and in 
some cases other impurities may have been present 
in the bases, the quantitive relationships can be 
regarded as only provisional. However, the 
extent to which the various bases reacted with 
bromphthalein magenta gives some indication 
of their relative strengths. Comparison with the 
values for relative basic strengths in water is alse 


at 


of interest. 

In table 2 are summarized values taken from the 
literature for the ionization constants in water of 
some of these bases. The values are expressed as 
pA, that is, the negative logarithm of the ioniza- 
tion constant of the base. When one of these 
bases is dissolved in water, the following reactions 
may occur: 

(a) (b) 


B+H,O—BHOH—BH* +OH-. (14) 


base 


rhe ionization constant, A,, refers to reaction 
1b) and is formulated as follows:" 


K,=(|BH*)(OH-}/[BHOH]. (15) 


Therefore, 
pA,=log {{BHOH])/[BH*|(OH-}}. (16) 


In table 2, a smaller value for pA, indicates a 
relatively large tendency for ions to form and vice 
Authorities differ as to the role of reac- 
tions (a) and (b) in the evaluation of basic ioniza- 
tion constants. For example, the ionization con- 
stant is sometimes defined as [BH*](OH~]/|B], or 
as [BH * (OH ]/{[BHOH]+[B]}.  Briegleb [55] has 
asserted that for the reaction of ammonia with 
water, reactions (a) and (b) are practically com- 
plete, and the ionization constant for ammonia is 
actually a measure of the equilibrium between 
NH, x4] and [NH,OH,,}. Moore and Winmill, on 
the other hand [12, 56], assumed the reaction of 
8 and H,O to give BHOH, followed by ionization 
of BHOH, with the respective equilibrium con- 
stants A, and Ay, and attempted the measurement 
of A, in order to arrive at a true value for Aj. 


versa. 


In addition to the resultant uncertainty as to howe 


ntrations are expressed as moles per liter; for simplification, con 
ire assumed to be identical with activities. 
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closely the “apparent” ionization constant in 
water approximates the “‘true’’ ionization con- 
stant, the low solubility of some of the organic 
bases in water is an obstacle to accurate measure- 
ments in this solvent [56]. Further considera- 
tions have been summarized by Hall [10]. 

TABLE 2.—Dissociation constants of some tertiary amines 

and arylguanidines in water * 


Relative 
reactivity 
with 
brom- 
phthalein 
mnagent4 > 


Compound 


Pyridine ©8.79; 48.07 
1,2,3-Triphenylguanidine 
Diethylbenzylamine {4.52 

Tri-n-butylamine @3.17; © 4.15 ©4.09 
Tri-n-propylamine b 3.26; f.1 3.35 

Triethylamine 3.28; © 3.26; 43.18 © 3.19; § 2.05 
1,3- Diphenylguanidine © 4.0; ©3.94; 14.05 to 4.12 

1,3- Di-o-tolylguanidine & 4.33 


©.e49 


*In some cases, Measurements were made in aqueous alcohol, and the 


value for aqueous solution was obtained by extrapolation. Values are for 


25° C, unless otherwise indicated 

>» In benzene, in increasing order. 

¢N. F. Hall, J. Am. Chem. Soc. 52, 5115 (1930). 

4H. T. 8. Britton and W. G. Williams, J. Chem. Soc. (London) 796 (1935); 
values are for 18° C, 

eN. F. Hall and M. R. Sprinkle, J. Am. Chem. Soc. 54, 3469 (1932) 

tJ. Kendall, Int. Crit. Tables VI, 260 (National Research Council, Wash- 
ington, D. C., 1929) 

« Damsgaard-S¢@rensen and A. Unmack, Z. phys. Chem. [Aj 172, 389 (1935), 
value for 18° C; Hall's valne 415 (see footnote ¢*) is believed by these 
authors to be in error. 

»G, Bredig, Z. phys. Chem. 13, 289 (1894). 

'T. 8. Moore and T. F. Winmill, J. Chem. Soc. (London) 161, 1635 (1912) 

iP. Walden and H. Ulich, Z. Elektrochem, 34, 25 (1928). 

'L. Metz, Z. Elektrochem. 34, 202 (1928). 


When an organic base, B, reacts with the indi- 
ceator acid bromphthalein magenta, HOR, in 
benzene, the equation B+ HOR—BHOR can be 
assumed for the initial reaction. There is strong 
evidence that in a partially substituted ammonium 
salt, “non-Coulombic interaction” occurs between 
the negative ion, and the proton of the positive 
ion in nonaqueous solvents [28, 57]. In other 
words, a hydrogen bridge is formed between the 
cation and the anion. It seems to be fairly well 
established that in salts of the type BHOR the 
hydrogen bridge is strong, even in a solvent of 
relatively high dielectric constant. The cation 
and anion are also attracted to each other by a 
Coulombic force [57]. It therefore seems likely 
that in benzene the extent of dissociation of 
BHOR into BH* and OR™@ ions is negligible in 
many cases, though the molecule probably has a 
highly polar character. In benzene, consequently, 
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the strength of the base is not to be measured in 
terms of the free ions formed, but by the extent to 
which B and HOR combine to form the salt 
BHOR.” The basicity constant, A,, may then 
be formulated in the following way: 


K,—|*BH-OR}/{B][HOR]. (17) 


When the values for pA, in water of the bases 
listed in table 2 are compared with the relative 
reactivities of the same bases with bromphthalein 
magenta in benzene, there seems to be a direct 
parallelism for the last five bases. The lack of 
conformity of the first three bases to this relation- 
ship may be due to the fact that their ionization 
constants in water are not a true measure of the 
extent of combination of the bases with water. 
The validity of ionization constants as an index 
of intrinsic basicity has been questioned by many 
writers, and the need for further experimental 
data, particularly for nonaqueous solvents, has 
been stressed. Furthermore, recent experiments 
have shown that in some instances steric factors 
interfere with the estimation of relative basicities 
(59, 60). For example, the basicities of tertiary 
aliphatic amines are lower than would be pre- 
dicted on theoretical grounds [60]. 

There evidently is considerable uncertainty in 
the measurement of basicities in water. The 
sensitivity of the reaction of organic bases with 
bromphthalein magenta in benzene demonstrates 
the possible usefulness of this and other indicators 
for studying the effect of structure upon intrinsic 
basic strengths. In fact, the greater solubility 


1 According to some authorities, this should be called a “‘pseudo-salt.”" 






of these bases in benzene and the aprotic charactyf 
of this solvent make the interpretation of data loc [i 
equivocal than for parallel studies in water - 

In figure 7 transmittancy curves are given | 
show the progressive reaction of 4 10~.); 
bromphthalein magenta FE in benzene in a |-cy 
absorption cell with various increments of | 3. 
diphenylguanidine. The smallest increment oj 
base was 0.025 molar equivalent of the dy 
(10-°-M base), and with less than 3.75 moly 
equivalents (1.5X10-'*-M_ base) the “limiting 
curve’ was obtained.” Two well-marked iso. 
sbestic points occur at approximately 355 and 
460 mu. The magenta form gives a broad absorp. 
tion band with maximum near 540 my and 
transmission band near 420 my. Quantitatiy 
aspects of this reaction will be discussed mo 1 


7: 


30r 
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MOLAR 





fully in a later section. 

In figure 8 is shown the molar absorbancy cur 
of the salt that produces a magenta solution 
benzene. The compositions of the solutions that 


IGURE ! 
from c 
tertiary 
gave the three curves shown were as _ follows hint 
- ; wen ZEN 
(1) bromphthalein magenta B, 5 10~° V/, wit! ne 
5 107°-M triethylamine (molar ratio, 1:100); (2 BBricmytami 
bromphthalein magenta E, 510°° M/, with Bess" 
5&<10-*-\/ 1, 3-di-c-tolylguanidine (molar ratio 
1:10): (3) bromphthalein magenta B, 2.5 107 \/, Bereater 
with 2.5 10-*-\/ ditolylguanidine (molar ratw, Beurve. 
1:10). The concentration of base was in each case Btrum, o1 
and a st 


2 So termed because continued addition of base produced no further chang 
in the transmittancy curve, showing that reaction of the indicator wit! 
base had reached completion. revion 

2! Isosbestic means “‘of equal extinction” [61]. Well-marked isost 1] 
points are interpreted as showing that two and only two colored species hear ¢ 
present in the solution under examination. Isosbestic points at the s were ob 
spectral regions may be noted in figure 6. 
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Ficure 7. Transmittancy curves for bromphthalein magenta E, 410-5 M in benzene, in 1-cm cell, with various ” 
. ° . upp 
centrations of 1,3-diphenylguanidine expressed as molar equivalents of the indicator. 
hug ti 
(1) None; (2) 0.025; (3) 0.0625; (4) 0.125; (5) 0.25; (6) 0.375; (7) 0.625; (8) 0.75; (9) 1.25; (10) 2.5; (11) 3.75 (limiting curve). 
Acid - By 
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iaurE 8. Typical molar absorbancy curves for products 
from complete reaction of bromphthalein magenta with 
tertiary aliphatic amines cr 1,3-diarylguanidines in 
benzene. 

Bromphthalein magenta B, 510-5 M, plus 100 molar equivalents of 
riethylamine; (2) bromphthalein magenta E, 5X10-5 M, plus 10 molar 
juivalents of 1,3-di-o-tolylguanidine; (3) bromphthalein magenta B, 2.5 10-5 
\/, plus 10 molar equivalents of 1,3-di-o-tolylguanidine 


reater than that required to produce the limiting 
curve. There are two absorption bands in the spec- 
approximately 15,000) 
about 42,000), to- 
vether with evidence of overlapping bands in the 


trum, one near 305 muy (day 
anda second near 540 my (dy 


region 340 to 370 mu and a transmission band 
2,000). When these curves 
were obtained, the absorption cells available were 


near 415 my (yy 


wt short enough to permit measurements of high 
accuracy near 540 mu. This is probably the cause 
{the slight differences among the curves in this 
region. In order to conserve base, and also 
because the effeet of the indicator upon the spectral 
ubsorption of the base is not known, benzene was 
used in the comparison cell instead of a solution 
This would account for the 
small differences in the region 280 to 330 mu. 


containing the base. 


lt is evident that the change in absorption is small 
when (1) bromphthalein magenta B is used instead 
of bromphthalein magenta E; (2) ditolylguanidine 
is used instead of triethylamine; or (3) the con- 
centration of indicator is altered to a limited degree. 
and this statement 
uppies to all of the reactions of bromphthalein 
magenta with bases—that in all of the experiments 


lt should be mentioned 
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performed, the color change produced by adding 
one of these bases to this indicator in benzene 
appeared to be instantaneous. The reaction is 
exothermic, as shown by the fact that heating the 
solution causes fading toward the original yellow, 
and cooling produces a deepening toward magenta. 
The heat of reaction appears to be smaller for the 
reaction of bromphthalein magenta with a ter- 
tiary amine than for its reaction with primary or 
secondary amines. 

Secondary aliphatic amines. 
bromphthalein magenta in benzene is changed to 
purple-blue (“cornflower” blue) when an excess of 
Solutions 


The yellow color of 


a secondary aliphatic amine is added.” 
that contain free indicator acid mixed with some 
of its salt with a secondary amine are green or 
another intermediate color, depending upon the 
relative amounts of the yellow and blue substances. 
This is in striking contrast to the behavior of 
bromphthalein magenta with tertiary amines, 
which was described in the preceding section. The 
appearance of the transmittancy curves is illus- 
trated in figure 9. The concentrations of indicator 
and of base were the same as those that gave the 
curves in figure 6; that is, each solution contained 
410-°-\/ bromphthalein magenta E in benzene 
together with 510~°-\/ amine (molar ratio, 
1:1.25) in a l-cm absorption cell. Ignoring for 
the moment curves 2 to 13, the curves represent 
solutions containing the following bases: (1) 
None; (14) di-n-propylamine ; (15) di-n-amylamine ; 
(16) di-n-butylamine; (17) diethylamine; (18) 
diisoamylamine; (19) dicyclohexylamine; (20) 
piperidine. Other secondary amines not given in 
the figure, in their relative order of apparent 
strength, are (17a) di-n-octylamine; (19a) 2,3- 
dimethylpiperidine ; (19b) 2-methylpiperidine. Di- 
benzylamine showed negligible reaction, and di-2- 
ethylhexylamine was much less reactive than 
dipropylamine. These relative orders are decid- 
edly provisional. In the first place, it is evident 
from figure 9 that the transmittancies near 575 
mu, the region of maximum absorption, are too 
close to zero for precise measurements. At the 
time these measurements were made the shortest 
available absorption cell was 1 em long, and it 
was desired to use concentrations of indicator and 


2 This statement should be qualified as referring to daylight illumination 
and to relatively dilute solutions or to thin layers of more concentrated 
solutions. By incandescent light or in thick layers, the color is dark ed. 
This behavior resembles the so-called “‘dichromatism” of some of the sul- 
fonephthalein indicators, including bromphenol blue [62, 63]. 
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Ficure 9. 


Transmittancy curves for bromphthalein magenta E, 410-5 M in benzene, in 1-cm cell, with 1.25 molar 


equivalent of the following organic bases. 


(1) None; (2) benzylamine; (3) isobutylamine; (4) o-aminodicyclohexyl; (5) n-propylamine; (6) isoamylamine; (7) n-butylamine; (8) sec-butylen 
(9) n-amylamine; (10) isopropylamine; (11) cyelohexylamine; (12) n-octylamine; (13) n-heptylamine; (14) di-n-propylamine; (15) di-n-amylamin 
di-n-butylamine; (17) diethylamine; (18) diisoamylamine; (19) dicyclohexylamine; (20) piperidine. 


amine that would permit comparisons with other 
experiments. Variations of a few tenths of a 
degree in the temperature during measurement 
are also more serious than in the case of measure- 
ments involving tertiary amines. Although the 
temperature of the room was kept constant without 
much difficulty, heating of the solutions by the 
adjacent light source presented a problem. For 
these reasons and also because several of the 
amines were available only in small quantities, 
purification was dispensed with in some cases. 
However, for the solution that contained di-n- 
butylamine, the same transmittancy curve was 
obtained irrespective of whether the commercial 
high-grade amine was used without treatment or 
after drying and redistilling. It was at first 
supposed that a trace of water in the secondary 
amine might be the explanation for a blue rather 
than a magenta color, but no such effect of water 
could be demonstrated. 

The curves have common intersections near 345 
to 350 mu and 470 to 475 mu, with the exception of 
the curve for the solution that contained dicyclohex- 
ylamine. The latter curve intersects the curve 
for the indicator at approximately 480 my. The 
deviation may be characteristic of this amine or 
may be evidence of an impurity in the sample. 

The values for pA, in water for some secondary 
aliphatic amines are given in table 3. When these 
values are compared with those given in table 2 
for corresponding tertiary aliphatic amines, the 
following facts are illustrated: 1, The secondary 
aliphatic amines, with lower values for pA,, show 
greater basicity in water; 2, variations in basicity 
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among secondary aliphatic amines are relative) 

slight; 3, quantitative comparisons of the basicity 

of secondary amines are difficult, because of th 

variation in the values of pA, for a given amin 

reported by different investigators. 

TABLE 3.— Dissociation of some secondary aliphatic amir 
in water * 

Compound pK» 

» 3.00; © 3.01; 4 3.05; * 2.94; © 2.90; © 2.84 

» 3.09; © 3.02; § 2.99 

© 2.79; 4 2.82 


Diethylamine 
Di-a-propylamine 
Di-a-butylamine 


Di-n-amylamine e3.11 

Di-isoam ylamine b 3.11; © 3.07; £3.02 
Di-n-octylamine b 2.99 

Piperidine b 2.90; © 2.87; 4 2.91; £2.80; | 2.92 
2-Methyl piperidine © 3.02 


*In some cases, measurements were made in aqueous alcohol, « 
value for aqueous solution was obtained by extrapolation. Values 
25° C unless otherwise indicated 

+ J. Kendall, Int. Crit. Tables VI, 260 (National Research Coun 
ington, D. C., 1929 

¢N. F. Hall and M. R. Sprinkle, J. Am. Chem. Soc. 54, 3469 (102 

1N. F. Hall, J. Am. Chem. Soc. 52, 5115 (1930 

* T. 8. Moore and T. F. Winmill, J. Chem. Soc. (London) 101 

'G. Bredig, Z. phys. Chem. 13, 289 (1894) 

«H. T. 8. Britton and W. G. Williams, J. 
(1935); values are for 18° C 

»C. W. Hoerr, M. R. McCorkle, and A. W 
65, 328 (1943); probable accuracy +0.01 

iT. 8. Moore, J. Chem. Sec. London 91, 1373 (1907). 
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The transmittancy curves in figure 10 show th 
reaction of bromphthalein magenta E in benzet 
with progressively increasing amounts of piper 

. a he —— "roc had 10 -\ 
dine. The curves correspond to 5 10°-! 
indicator in a 5-mm cell with the following co 
centrations of piperidine, expressed as molaf 
equivalents of dye: (1) None; (2) 0.1; (3) 0.4; 4 
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1.0; (6) 10 (limiting curve). In other 
the reaction was compiete upon or before 
ddition of 5X10~*-M piperidine. Three 
osbestie points at 295, 345, and 475 my are 
vident The sensitivity of the reaction is note- 
orthy. Quantitative aspects will be referred to 
1a later section. 

The molar absorbancy curve of the “salt” 
xmed by the complete reaction of bromphthalein 
genta with a secondary aliphatic amine in 
benzene is shown in figure 11. Curve 1 cor- 
vsponds to 2.5X10~°-M BPM-E with 40 molar 
quivalents of diethylamine, and curve 2 cor- 
esponds to 510~°-M BPM-E with 10 molar 
quivalents of piperidine. In both cases an ex- 
ess of base was present. These two curves are 
irtually superimposed and except in the nearly 
ertical portions, where measurements are less 
precise, Values for the two solutions are almost 
dentical. The absorbancy curve shows a very 
trong band near 575 my (ay—approximately 
b0,000) and two weaker bands near 315 my (ay= 
8,000) and 395 my (ay about 10,000), with trans- 
nission bands in the regions 360 my (ay—6,000) 
and 450 mu (ay=less than 1,000). When this 
absorbancy curve is compared with that for the 
alt that is formed by reaction of bromphthalein 
nagenta with a tertiary amine (see fig. 8), the 
triking difference between the two absorbancy 
‘urves, that correspond respectively to purple- 
ue and magenta solutions in benzene, is readily 
erceived. The difference would be even more 
ipparent had the two graphs been plotted with 
he same relation between ordinates and abscissas. 
lhe maximum molar absorbancy for the purple- 
more than twice that for the 

The main band obtained for 
the former solution is very steep and narrow, 
While that for the magenta solution is relatively 
much broader. Differences in the spectral region, 
280 to 400 my, are also obvious. The differences 
in the reactions of secondary and tertiary amines 
with bromphthalein magenta in benzene will be 
discussed more fully in sections IV-8 and IV-10. 

Primary aliphatic amines.—The color produced 
by adding an excess of a primary aliphatic amine 
to bromphthalein magenta in benzene is a red- 


blue solution is 
magenta solution. 


wn) : . ‘ ” 
purple, sometimes referred to as “plum color. 

a line was not present in the comparison cell, but even at the high- 
st tion used in these experiments its effect upon the transmittancy 
t} 

" only about 0.3 percent at 280 my and less at longer wavelengths. 
Acix 
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Figure 10. Transmittancy curves for bromphthalein ma- 
genta E, 5% 10-5 M in benzene, in 5-mm cell, with various 
concentrations of piperidine expressed as molar equivalents 


of the indicator. 


(1) None; (2) 0.1; (3) 0.3; (4) 0.5; (5) 1.0; (6) 10 (limiting curve). 
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Typical molar absorbancy curves for products 
of bromphthalein magenta E in 
benzene with secondary aliphatic amines. 


‘IGURE 11. 


of complete reaction 


(1) Bromphthalein magenta E, 2510-5 M, plus 40 molar equivalents of 
diethylamine; (2) bromphthalein magenta E, 5X10-° M, plus 1 molar 


equivalents of piperidine. 
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The transmittancy curves for solutions containing 
bromphthalein magenta E with primary aliphatic 
amines were temporarily ignored in the discussion 
of figure 9. On first inspection, the primary amines 
seem to resemble the secondary amines in be- 
havior, except in producing a smaller effect at a 
given concentration. The curves assembled in 
figure 9 were obtained for solutions that contained 
4x10°-M BPM-E in a l-em cell, with 1.25 
molar equivalent of the amine (5107' VM). In 
the order of increasing reactivity with brom- 
phthalein magenta, the amines were: (2) Benzyl- 
amine; (3) isobutylamine; (4) o0-aminodicyclo- 
hexyl; (5) n-propylamine; (6) isoamylamine; (7) 
n-butylamine; (8) sec.-butylamine; (9) n-amyl- 
isopropylamine; (11) eyclohexyl- 
amine; (12) n-octylamine; and (13) n-heptylamine. 
2-Amino-n-octane was in the relative position (9a), 
It should be emphasized that quantitative rela- 
tionships are only provisional, because the experi- 


amine: (10) 


ments were of an exploratory nature, and minor 


variations in temperature had a noticeable effect 
upon the values obtained. 

Data for values of pA, in water forsome primary 
aliphatic amines are presented in table 4. The 
lack of agreement in the values of pA, for a given 
amine are due not only to the varied nature of the 
experimental procedures used by different investi- 
gators but also to diversity in the assumptions 
made in calculations from the data. It is plainly 
evident, however, that the primary aliphatic 
amines exhibit lower basicity in water than the 
If the values 
cited first in table 4 are used as the basis for com- 
parison, there appears to be a trend toward greater 


corresponding secondary amines. 


ionization for the homologous series of normal 
primary aliphatic amines from n-propylamine 
through n-heptylamine, and a reversal toward 
lower basicity with further increase in molecular 
weight. Other effects of structure upon the ioni- 
zation constants of primary amines in water were 
noted by Bredig (footnote d, table 4). The data 
for the reaction of bromphthalein magenta with 
various primary amines in benzene show a smaller 
tendency toward reaction than that exhibited by 
secondary amines. Furthermore, as pA, for 
water increases, there is seemingly a decrease in 
the reactivity in benzene. This is the reverse of 
the relationship found for five of the tertiary 
The data for the 
reactions of different primary amines with brom- 


amines and arylguanidines. 


240 





phthalein magenta in benzene are too provisional) 


warrant detailed speculation, but it seems |ik»)fiu 
that the reaction of the amines with wator q,fi§b* 
with bromphthalein magenta may be obscured yen! ™ 
lack of knowledge as to the real extent of lydy:.fiifespec 
tion and ionization of these bases in water and o(fROSP Cs" 
any self-association of the amine. 9) to: 
Wo sw 
TABLE 4.— Dissociation constants of some primary aliphaiy nd 3H 
amines in water * 40 mm, 
midexes 
Compound pKs alls fre 


yase LO 


& 3.36; ¢3.40; 4,¢3.30; (3.44 
© 3.34; 43.13; ©3.25; £3.40 
| ©3.41; 43.32; ¢3.33 


Methylamine 

Ethylamine 
(3) n-Propylamine 
(5) n-Butylamine 
(7) n-Amylamine 

n-Hexylamine 
(11) n-Heptylamine 
(10) a-Octylamine 





ion of 


quival 


rations 
ywehav i 


uctual 


n-Nonylamine rrade, i 
-De ine 
n Decy lamine <s some 
n-Undecylamine “a 
n Dodecylamine year oi 
n- Pridecylamine 40 mu 
n-Tetradecylamine : 
n-Pentadecylamine In fig 
(8) Jsopropylamine 7; °3.28 “urves 





(2) Isobutylamine > °3 59; ¢3.51 


(6) sec-Butylamine 3.44 3.34 eactiol 

(4) Isoamylamine ©, 3.40; * 3.30; 13.33 lifferen 

(9) Cyclohexylamine 13.31; 13.80 : 

(1) Benzylamine & 4.63; © 4.70; © 4.61 ‘urves 
in ma 


* In some cases, measurements were made in aqueous alcohol, and the 
for aqueous solution was obtained by extrapolation. Values are for 2 
unless otherwise indicated. The numbers to the left of the names 
compounds indicate the apparent order of increasing reactivity with bromp! 
thelein magenta F in benzene. 

> H. 8. Harned and B. B. Owen, J. Am Chem, Soc. 52, 5079 (1930) 

¢ J. Kendall, Int. Crit. Tabies Vi, 260 (National Research Council, Ww 
ington, D. C., 1929). 

4 T. 8. Moore and T. F. Winmill, J. Chem. Soc. (London) 101, 1635 


‘yeloh 
n-hepty 
etylan 
pattern 
hrougl 
the inte 


eG. Bredig, Z. phys. Chem. 13, 289 (1804) n the | 

‘tH T.S Britton and W. G. Williams, J. Chetn, Soc. (London) 7 the tots 
values are for 18° C, 

«C. W. Hoerr, M. R. MeCorkle, and A. W. Ralston, J, Am. Chem se fjand the 


65, 328 (1943); probable accuracy, +£0.01 unit. 
+L. D. Goodhue and R. M. Hixon, J. Am. Chem, Soc. 56, 1529 
iN. F. Hall and M. R. Sprinkle, J. Am. Chem. Soc. 54, 3469 (192 
iA, Waksmundzki, Roezniki Chem. 181', 865 (1938), through Che 
stracts 33, 6688 (1939); values are for 18° to 20° C. 
© W. H. Carothers, C. F. Bickford, and G, J. Hurwitz, J. Am. Cher 
49, 2008 (1927) 
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Figure 12 contains curves for the reaction ¢ 


5<10-°-M bromphthaltin magenta E with su- wa 
cessively greater quantities of n-heptylamine in 4 5. Preg 
5-mm cell. The curves show the effects of th a 
following concentrations of the amine, express mg : 
as molar equivalents of the indicator: (1) not Prep 
(2) 1; (3) 2; (4) 5; (5) 20; (6) 80 (limiting curv: "ae 
At the higher concentrations of amine, it becomes rw , 
apparent that the main absorption band |as two shak: 
Acid -E 
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a, one near 540 my and the other near 575 

». These are the wavelengths of maximum 
psorbaney for solutions of bromphthalein ma- 
ta with tertiary amines and secondary amines, 
spectively. In figure 12 three well-defined 
osbestic points are evident in the spectral region 
) to 295 mu, 345 to 350 mu, and 465 to 470 mg. 
wo single absorption bands occur near 315 mu 
nd 390 mu, and transmission bands near 335 and 
1) mu. The ratio of the molar absorbancy 
bdexes at 575 my and 540 mu is not constant but 
alls from nearly 2.5 for one molar equivalent of 
vase to approximately 1.2 for five or more molar 
quivalents. Dimerization of the base or forma- 
ion of still larger aggregates at the higher concen- 
rations may be a partial explanation for this 
whavior. The absorbancy curve is affected by 
juctuations of only a few tenths of a degree centi- 
rade, and when the temperature is lowered there 
s some evidence of a strengthening of the band 
war 575 mu at the expense of the band near 
40 mu. 

In figure 13 are shown typical molar absorbancy 
vurves for the salts formed by the complete 
vaction of bromphthalein magenta with three 
lifferent primary amines in benzene. These 
‘uurves were obtained for5 x 10~°-\/ bromphthal- 
in magenta E with the following amines: (1) 
‘yelohexylamine (100 molar equivalents); (2) 
m-heptylamine (80 molar equivalents); (3) n- 
wtylamine (80 molar equivalents). The general 
attern of the absorption bands is the 
hroughout the spectrum for the three salts, and 
the intensity of absorbancy is practically the same 
in the region 280 to 420 mu. In the main band 
the total intensity differs for the three substances, 
and the ratios of the molar absorbancy indexes of 
the partial bands at 575 and 540 my are approxi- 
mately 1.25, 1.17, and 1.14 for salts 1, 2, and 3, 
respectively. The differences do not appear to 
be due to instability, for solutions that contained 
up to 100 molar equivalents of any one of these 
bases gave constant transmittancy values for at 


same 


least 4 hours. 


5S. Preparation and Absorption Spectra of Tet- 
raalkylammonium Salts of Bromphthalein Ma- 
genta 


Preparation»—To prepare the tetraethylam- 


montium salt of bromphthalein magenta E, a solu- 
tion of bromphthalein magenta E in benzene was 
shaken mechanically for 10 minutes with an ap- 
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Transmittancy curves for bromphthalein ma- 
10-5 M in benzene, in a 5-mm cell, with various 


Figure 12. 
genta EF, 5» 
expressed as molar 


concentrations of n-heptylamine 


equivalents of the indicator. 


(1) None; (2) 1; (3) 2; (4) 5; (5) 20; (6) 80 Climiting curve 
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Ficure 13. Typical molar absorbancy curves for products 
of complete reaction of bromphthalein magenta FE, 510-5 


M in benzene, with primary aliphatic amines. 


Amine added and its concentration in molar equivalents of the indicator 


1) Cyclohexylamine, 109; (2) n-heptylamine, 80; (3) n-octylamine, 80. 
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proximately 2-percent aqueous solution of tetra- 
ethylammonium hydroxide. The salt precipitated 
as a shiny dark-green solid, which was filtered 
with suction after decantation of most of the 
benzene. The solid was extracted twice with a 
little hot benzene, the benzene was decanted, and 
the moist residue was dried at about 60° C. A 
benzene solution of the salt reacted with cellulose, 
as shown by the fact that when poured through 
dry filter paper the first portions of filtrate were 
green instead of the original blue. Moreover, a 
sample of the solid salt was decomposed to a 
gummy orange solid upon extraction with benzene 
in a Soxhlet apparatus. It is reasonable to sup- 
pose that this decomposition was caused by the 
strong tendency of quaternary ammonium bases, 
like other strong bases, to combine with and even 
(64). The may be 
visualized as an alcoholysis of the salt, with cellu- 


dissolve cellulose reaction 
lose playing the role of an alcohol. 
purified salt: Caleulated — for 
CyHyO.N Bry: C, 45.5; H, 4.2; N, 1.8; Br, 40.4. 
Found: C, 45.2; H, 4.6; N, 1.6; Br, 40.6. 

In the preparation of the tetra-n-butylam- 
monium salt of bromphthalein magenta B, a 
benzene solution of bromphthalein magenta B was 
shaken mechanically with an aqueous solution of 
tetra-n-butylammonium hydroxide. The latter 
solution was the filtrate from the reaction of 
aqueous tetra-n-butylammonium iodide with an 
excess of freshly precipitated silver oxide. The 
tetrabutvylammonium salt remained dissolved in 
the benzene layer, giving it a deep-blue color, but 
was precipitated upon the addition of petroleum 
ether. When the precipitate was redissolved in 
benzene and allowed to crystallize slowly at room 
temperature, large bronze-colored crystals were 
Analysis: Caleulated for CyH ON Bre: 
1.5; Br, 34.3. Found: C 
Br, 34.5. 

Molar absorbancy curves 


Analysis of 


formed. 
C, 51.6; H, 5.7; N, 
51.5; H, 5.8; N, 1.4; 
P lbsor pt jon Spe ctra. 
for the tetraethylammonium salt of bromphthalein 
magenta E and for the tetra-v-butvylammonium 
salt of bromphthalein magenta B in benzene are 
shown in figure 14. Curves 1B to 6B are for the 
butyl derivative, at the following successive molar 
concentrations: 10-*, 410°, 210°, 10 
510 and 210°. The 
solutions were prepared by dilution of the 10-*-\/ 
stock solution. Curves 4E to 6E are for the ethy! 
derivative at the following successive molar con- 


concentrated 


less 
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centrations: 107°, 5107°, and 2107 
stock solution in this case was 107° AZ, whieh « 
about the limit of the solubility of the eth 
derivative in benzene. Both salts possess a stroy 
absorption band near 600 to 605 my (16,670; 
16,530 em~') and three shallow absorption bay 
in the ultraviolet region. However, the mol 
absorbancy at 605 my does not adhere to Beer: 
law but decreases with dilution, falling from 4 
maximum absorbancy index 82,000 for 1B to th 
index 51,000 for 6B. The indexes at 605 my {iy 
4E and 6E are, respectively, 62,500 and 42,0 
WAVE NUMBER som) x 10° 
T T 
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Figure 14. Molar absorbancy curves for tetraalkyl 

montium salts of bremphthalein magenta in benzen 
various concentrations. 

(1B to 6B) Tetra-n-butylammonium salt of bromphthalein mager 
(4E to 6E) tetraethylammonium salt of bromphthalein magenta E 
centrations: (1) 10-* M; (2) 4x10-5 M; (3) 2X 10-5 M; (4) 10° M 
i) 2xloe M 


On the other hand, the molar absorbancy ne 
400 my, the which bromphtha 
magenta in the form of the free acid has a strow 
absorption band, shows a slight increase wi 
dilution. The rate of change of the indexes Wi 
dilution is somewhat irregular. 

In accounting for the change in the intensity 
absorbaney with dilution, one possibility LO ¢oli- 
sider is an equilibrium between ion pairs a 
quadrupoles, such as that which has been pest: 
lated to interpret conductance phenomena [69 


region in 


‘As no Tyndall beam was detected, and no precipitate was \ 
10 months, the salts may be assumed | 
Kraus and « 
studying the conductance of tetraalkylammonium salts in anis 


1 the flasks, even alter 
molecularly dispersed in the benzene solution 


dibromide, and ethylene dichloride observed dilution effects 
attributed to sorption [58] 
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questionable whether such an equilibrium 
account for spectral changes of the kind 
shaerved, and also whether quadrupoles would 
in measurable quantity at such low concen- 
A second possible explanation 


xis 
rations of solute. 
= found in evidence of the reaction of the salt 
vith glass. The flasks that contained the solu- 
ions corresponding to curves 1B and 4E were 
lrained, washed three times with benzene, and 
llowed to drain until dry. Freshly boiled dis- 
led water containing phenolphthalein added to 
ach flask produced a pink color that was more 
ivid in the flask that had contained the ethyl 
less soluble) derivative.“ A possible interpreta- 
ion of this behavior is reaction of the tetraalkyl- 
smmonium salt with HO—Si(—O—), at the glass 
urface” giving R,N*—OSi(—O—); with brom- 
hthalein magenta as byproduct, followed by 
ivdrolysis of the RsN*—O—Si portion of the com- 
ex upon the addition of water, to yield RyN*, 
MH, and HO—Si(—O—),;. The greater size of 
he hydrocarbon groups in the tetrabutylam- 
nonium salt not only explains its higher solubility 
un benzene, but also might well impede its reaction 
vith glass. 

In figure 15 the molar absorbancy curve for the 
etraethylammonium salt of bromphthalein ma- 
venta # in benzene (curve 1) is compared with 
hose obtained for solutions in ethyl acetate (curve 
), ethylene dichloride (curve 3), and 95-percent 
thy! aleohol (curve 4). Curve 4 shows two well- 
buarked absorption bands near 26,000 and 32.000 
m', in place of the three shallow bands in the 
ultraviolet: noted previously for the solution in 
wnzene (page 242). In curve 3, a shift of about 
»500 em! (10myz) towards the infrared is shown 
wv the main absorption band. In other respects 
the molar absorbancy curves obtained for the 
tctraethvlammonium salt in the four solvents are 
qualitatively similar. The only marked difference 
is in the intensity of the main absorption band, 
Which is not significantly different for the solutions 
in ethylene dichloride and 95-percent alcohol but 
is lower for the solution in ethyl acetate and still 
lower for that in benzene. The molar absorbancy 
for 510°-M solutions in ethylene di- 


ride and aleohol did not differ from those 
tests were obtained with three flasks chosen at random from 
Other orcanic bases have been observed to undergo vdsorption 
it the surface of classware, 
en atoms which are not attached to hydrogen ar msidered 


» Silleon atoms in the glass network [#, 67), 
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absorbancy curves for tetraethylam- 


magenta E. 


M in I-cm cell, in benzene, ethyl! acetate, and ethylene dichlo- 
M, 2.5-mm cell, in 95-percent ethyl! alcohol. 


(1 to 3) 10 
ride, respectively; (4) 5x10 


obainted for 10 °-\M solutions. Furthermore, the 
same curve was obtained for the potassium salt of 
bromphthalein magenta E in alcohol as for the 
tetraethylammonium salt. Due to limited solu- 
bility, absorbancy curves for 510°°-M solutions 
of the tetraethylammonium salt in benzene and 
ethyl acetate could not be obtained. It can be 
noted, however, that at twice this concentration 
the molar absorbancy at 605mg found for the 
tetrabutylammonium salt in benzene (1B, fig. 14) 
is less than that found for the tetraethylammo- 
nium salt in ethylene chloride and in alcohol. As 
there is doubt that the ethyl and butyl salts re- 
mained entirely in solution in benzene (see pre- 
ceding paragraph), the low intensity of the main 
absorption band for the solution in benzene may, 
at least tentatively, be accounted for on that basis. 
A similar explanation serves for the data found 
for the ethyl acetate solution. The dielectric 
constant for ethyl acetate is approximately 4.5, or 
as that for benzene; this 
probably explains its somewhat 


about twice as great 
higher solvent 


action upon the salts in question. 
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6. Relative Stabilities of the Substituted Ammo- 
nium Salts of Bromphthalein Magenta in 
Benzene 
The primary, secondary, tertiary, and quatern- 

ary ammonium salts of bromphthalein magenta 

in benzene appear to increase in stability in the 
order named. Complete quantitative data con- 
cerning the rate and extent of changes upon stand- 
ing have not been obtained, because slight fluctua- 
tions in temperature are great enough in some cases 

It is 

possible, however, to make several statements 

about the stability of the solutions. 
containing 


to account for part of the observed changes. 


In regard to solutions primary 
amines, it has already been stated that 5 10~-M 
bromphthalein magenta in benzene with up to 
100 molar equivalents of (a) cyclohexylamine, (b) 
n-heptylamine, or (c¢) n-octylamine showed no 
measurable change for at least 4 hours. In 3 
weeks solution all its color. With 
only 1 molar equivalent of amine, the solution 
was stable for at least a day and retained some 


The same concentra- 


(a) had lost 


color at the end of 3 weeks. 
tion of dye with 180 molar equivalents of n-butyl- 
amine showed noticeable fading in two hours—a 
9-percent decrease in transmittancy at 540 mag. 
When kept for several weeks all of the solutions 
showed fading, which was greater at the higher 
concentrations of base. The most concentrated 
solutions when almost colorless contained minute 
quantities of iridescent green crystals that gave a 
blue solution in alcohol. 

A solution that contained 1.4 molar equivalent 
of piperidine showed changes after 2 days that 
appeared to involve both fading and reaction of 
the base with glass. There are two positions in 
the dye molecule where reaction with a primary 
or secondary amine might occur. One is the 
ester group, that might be saponified if the solu- 
tion absorbed water. The other position is the 
central carbon, which can add RNH— or R.N—, 
with simultaneous addition of H— to the quinoid 
oxygen atom. This latter reaction is analogous 
to the conversion of triphenylmethane dyes to 
the carbinol form in aqueous solutions of rela- 
tively high pH. An example is the fading of 
some of the sulfonephthalein indicators in alkaline 
media. A smaller tendency in this direction can 
be expected for primary amines that contain a 
bulky R group, and secondary amines should 
primary amines. The 


react less readily than 
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amines that have been investigated behave 

Thus it happen 
that the amines showing the least stability wiy 
bromphthalein magenta in benzene are those mos 
easily determined in water; that is, primar 
amines of low molecular weight. The bases wi! 
large alkyl groups are difficultly soluble in wate, 


accordance with this prediction. 


but give sufficiently stable solutions with brom. 
phthalein magenta for measurement of their yp. 


activity with this compound. 
Tertiary amines cannot react with the centr 


carbon atom in the manner discussed in the pre- 


ceding paragraph. It is found experimentally tha: 
the transmittancy of solutions of bromphthalei 
magenta with tertiary amines or diarylguanidines 
changes by 1 or 2 percent at most in a month, ay 
even after a year there is no fading evident | 
the eve. 

As for the tetraalkylammonium salts of brow. 
phthalein magenta in benzene, changes such 4s 
those discussed in section 1V—-5 were not evident {0 
solutions that were not diluted. The tetraethy'- 
ammonium salt gave the same transmittanc 
values after 9 days, and showed no visual chang 
Apparently the extent of chang 
is limited by the area of the glass surface wit! 
which the solution comes in contact. 


in over a year. 


It might be pointed out that as the indicate 
alone and many of the amines alone give stab! 
solutions in benzene, it has been possible to keep 
stock solutions of both indefinitely. The desired 
mixtures can then be prepared as needed. 

7. Relative Strengths of Some Organic Bases in 
Benzene 

In the preceding sections, several statements 
were made about the comparative strengths o! 
organic bases as evidenced by their ionizatio 
constants in and their reactivity wil 
bromphthalein magenta in benzene. 
sideration was also given to the probable mechat- 


water 
Some col- 


ism of the reaction of the bases with the indicat 
acid. Before discussing the reaction constants 
for organic bases, a few words should be said abou 
the reactions from a purely empirical standpoin! 
In figure 16 the number of moles of base per mo 
of indicator acid has been plotted against the a! 
sorbancy at 540 mu ” for 5x10°-M bromphthale 
2? Values for absorbancy, which is the negative logarithm of the (rans! 
taney, can be read directly from the instrument but not so pre« ast 
values for transmittancy. The absorbancies given in figure 16 wer 
from the transmittancies. Absorbancy is preferred to the equ 
“optical density.” 
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Ficure 16. Change in absorbancy produced by adding 
different amounts of base, expressed in molar equivalents 
f the indicator, to 5 10-°-M bromphthalein magenta in 


o 
benzene. 
) 


Bromphthalein magenta E plus di-o-tolylguanidine; (2) bromphthalein 


magenta E plus diphenylguanidine }) bromphthalein magenta B plus 


nin 


magenta in benzene with (1) di-o-tolylguanidine; 
2) diphenylguanidine; and (3) triethylamine. 
The smoothness of the curves makes it possible to 
obtain by interpolation the absorbancy for other 
concentrations of base. In fact, a good approxi- 
mation of the correct curve may be drawn from 
only a few experimental points. Equally smooth 
curves were obtained for the reaction of brom- 
phthalein magenta with secondary amines. It 
is apparent from the figure that the reactivity of 
the three bases decreases in the order given. The 
reaction had reached completion with 10 molar 
equivalents of di-o-tolylguanidine. Slightly more 
than this quantity of diphenylguanidine was 
required, and about ten times as much triethyl- 
amine. In the reaction of any one of these bases 
with bromphthalein magenta, intermediate color 
tones can be detected visually with great ease. 
The possibility of application to rapid colorimetric 
analysis is therefore evident. 

In section 1V—4, a simple mechanism for the 
reaction of bromphthalein magenta with organic 
bases in benzene is proposed, namely, the addition 
of the indicator acid to the base in a 1:1 ratio. 
This may be an oversimplification, or may not be 
applicable in all cases. However, it serves as a 
starting point for numerical comparisons. The 
type of equation for the reaction was B+ HOR@ 


BHOR or, using the symbols A and S to represent 


o* > = 
the acid HOR, and the product, BHOR, respec- 
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tively, the equilibrium constant may be formu- 
lated as follows: 


[S]/{ [B] x [A] } =K,. (18) 

From this, the following expression is obtained: 
log{[SI/[A]}—log [B]=log Ky. (19) 
When the value of [S]/[A] is unity, log A,=—log 


|B]. In figure 17 experimental data for the reac- 
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Figure 17. Graphical evaluation of equilibrium constants 
for the reaction of bromphthalein magenta with different 
bases in benzene. 

1) Bromphthalein magenta E, 1610-5 M, with di-n-butylamine; (2A 
5<10-5-M bromphthalein magenta B, and (2B) 4x10-5-M bromphthalein 
magenta E, with triethylamine; (3A and 3B) 5X10-°-M bromphthalein 
magenta FE with piperidine; (4A) 4X10-°-M bromphthalein magenta FE, 
ind (4B) 5X10-5-M bromphthalein magenta B, wish diphenylguanidine; (5A 
5<10-5-M bromphthalein magenta FE, and (5B) 2.5X10-°-M bromphthalein 
magenta B, with di-o-tolylguanidine 
tion of bromphthalein magenta with five different 
bases are presented, with values for log; |S}/[A] )as 
ordinates and values for —log [B] as abscissas 
In order to calculate the values for |S], [A], and 
[B], data such as those used in plotting figure 16 
were used. The ratio of the absorbancy for a 
given concentration of base to the absorbancy 
for complete conversion of the indicator acid to 
the salt gives the fraction of the indicator that 
was converted to the salt. This fraction multi- 
plied by the molar concentration, C,, of indicator 
originally in the solution gives [S], the concentra- 
tion of the salt in moles per liter. The concentra- 
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tion of residual acid, [A], is C,—[S]. If C, is the 
molar concentration of base added to the mixture, 
the concentration of base in the equilibrium 
mixture, [B], equals C,—[S]. From a series of 
values for [S], [A], and [B] calculated in this way 
for solutions containing the same initial concen- 
tration of the indicator acid with different amounts 
of base, the curves shown in figure 17 were con- 
structed.* These curves correspond to the fol- 
lowing mixtures in benzene as solvent: (1) Brom- 
phthalein magenta E, 1.610~-° M, with di-n- 
butvlamine; (2A) bromphthalein magenta B, 
5 10-° M, with triethylamine; (2B) bromphthal- 
ein magenta E, 410~-° A/, with triethylamine; 
(3A and 3B) bromphthalein magenta E, 5x 10-5 
M, with piperidine; (4A) bromphthalein magenta 
FE, 4x10°° M, with diphenylguanidine; (4B) 
bromphthalein magenta E, 5x10-° M, with 
diphenylguanidine; (5A) bromphthalein magenta 
E,5107° M, with di-o-tolylguanidine; and (5B) 
bromphthalein magenta B, 2.5x10-° M, with 
di-o-tolylguanidine. 

The relationship postulated in eq 2, if valid, 
should give linear curves, with unit negative slope. 
The lines were drawn so as to give greatest weight 


to the values that can be measured with the great- 
est precision, that is, those for which the ratio 
[S}/[A] is near unity. The intercepts on the z-axis 
at zero value for log | [S}/[A]} give the values for 
log K,. These values, together with the values 
for the slope, are given in table 5. It is apparent 
from figure 17 that if the lines had been drawn so 
as to give slightly different values for the slope, 
the values obtained for log A, would have been 
practically unchanged. For triethylamine and 
diphenylguanidine, the slope of the line differs by 
only 3 percent from the theoretical value. The 
greatest deviation, 23 percent, occurs in the case ot 
ditolylguanidine. Factors such as polymerization 
of the base may complicate the reaction. For 
example, Hunter and Marriott [68], from measure- 
ments of molecular weights in naphthalene, con- 
cluded that) 1,3-diphenylguanidine and related 
compounds are partly associated in this solvent. 
However, the solutions used in the experiments 
described in this paper were so dilute that the 
degree of association of the base should be very 
The inclined to attribute 


exact, the values 


small. authors are 


used in constructing the curves were the averages 
one for the wave length 400 or 405 mg and the 


* To be 
from two sets of measurements 
other for the wavelength 540 or 580 mg 
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discrepancies largely to experimental difficulti« 
such as minor fluctuations in temperature, th, 
tendency of the base to react or become absorhs 


at a glass surface, and the unavailability of adsorp. 
tion cells of suitable length at the time the spe. 


trophotometric measurements were made. 


TABLE 5.—Values of log Ky, Ky, and slope for reactioy 
erganic bases with bromphthalein magenta in benzen, 


| 
Ibe Ky | Ke Slope 


Organic base 
cur 
Di-n-butylamine 4.19 1. 5s X10 ¢ 
Triethylamine 4.36 23x10! 
Piperidine 5.08 | 1.2xK105 
Diphenylguanidine 5.35 2.210 
Ditolylguanidine 5.80 6.3xX10 


In figure 18 the numerical values of log K 
benzene for the five bases are plotted as ordinates 
with the values of pA, in water as abscissas. |; 
will be remembered that pA, is the reciprocal of 
the logarithm (negative logarithm), of the ioniza- 
tion constant of the base in water (see sectio: 
IV-4). From the figure it is evident that th 


relationship between log A, in benzene and 


pA, in water is remarkably constant for triethyl- 


amine and the two arylguanidines. Whether « 
consistent relationship holds for other tertiary 
amines and secondary amines can be determine 
only by further studies. We hope to extend thes 
studies, under improved experimental conditions 





6 


LOG K, IN BENZENE 
ee ee 











Nn 
a 
b 


pKp IN WATER 
Ficure 18. Comparison of log Ky in benzene with pA 
water. 


Ay = equilibrium constant for reaction of base with bromphthak 
pA»=log reciprocal of ionization constant of the base in water 
piperidine; (4) 1,3-dipheny 


butylamine; (2) triethylamine; (3 


(5) 1,.3-di-o-tolylgvanidine, 
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planation for the Different Color Reactions 
o| Bromphthalein Magenta With Organic 
Bases in Benzene 


\. described earlier in this paper, the color 
Jange accompanying the reaction of an organic 
ase with bromphthalein magenta in benzene is 
lifferent for primary, secondary, and tertiary 
amines. Moreover, the quaternary ammonium 
alts, while resembling most nearly the product 
with secondary amines, show characteristic differ- 
ences from the partially substituted ammonium 
salts of the indicator. 

The conductance of quaternary ammonium 
salts in benzene and other solvents of low dielec- 
tric constant has been studied extensively, particu- 
larly by Walden and Kraus and their coworkers 
28, 57b]. These studies have given strong ex- 
perimental support to Bjerrum’s theory of ion- 
pairs [69]. In harmony with the views of these 
authors, the tetraethylammonium and_tetra-n- 
butvlammonium salts of bromphthalein magenta 
may be considered to exist in dilute benzene solu- 
tion predominantly as individual ion-pairs, M*A~, 
\l* representing the cation, and A~ the anion. 
To a minor degree, dissociation of M*A~ into M* 
and A>, or association into triple-ions, MAM 
and AMA~, or into still more complex groupings 
According to Bjerrum, the extent of 
dissociation or association will not be evident in 
the optical behavior of the salt. 

The difference in the optical behavior of the 
quaternary ammonium (blue) and tertiary ammo- 
nium (magenta) salts of bromphthalein magenta in 
benzene is paralleled by differences in conduct- 
ances found for salts of the two classes |28, 57]. In 


hay occur, 


the tertiary ammonium salts, the existence of a 
proton in place of one of the alkyl groups of the 
quaternary ammonium salt permits a closer ap- 
proach of the positive and negative ions to each 
other, with a consequent increase in the Coulombic 
lorce. However, the change in behavior that ac- 
companies this modification in structure is un- 
doubtedly due in part to the formation of a 
hvdregen bridge between the nitrogen of the base 
wid the oxygen of the indicator The 
structure of the salt can be indicated in a general 
way by the formula B—H*. . .OR. 

I) accounting for the purple-blue color of ben- 
we solutions of the secondary ammonium salts 


acid.”’ 


cussion in the introduction and in section 1V-4, 
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of bromphthalein magenta, other observations are 
of value. During titrations of secondary amines 
in benzene with bromphthalein magenta as indi- 
cator, it was discovered that the initial effect of 
adding an acid to the purple-blue solution was to 
produce a magenta color, which was changed to 
yellow by an excess of acid. When an excess of 
base was then added, the magenta color reap- 
peared, but the purple-blue color could not be 
restored by any quantity of base.” Further tests 
showed that the conversion of the purple-blue 
color to magenta was not characteristic of acids 
but was produced by a variety of oxygen com- 
pounds, such as dioxane, acetone, ethyl acetate, 
and alcohols.*' The magenta color is very similar 
to that of mixtures of bromphthalein magenta with 
tertiary amines in benzene. Spectrophotometric 
measurements of solutions that contained 5 
10-°-/ bromphthalein magenta E and 5 & 107*-\/ 
piperidine in benzene, with from 4 to 6 percent 
of absolute ethyl aleohol by volume, showed that 
the absorbancy curves of these solutions are very 
similar to, though not identical with, the char- 
acteristic limiting curve for the reaction of a 
tertiary amine with bromphthalein magenta in 
benzene.” 

It can hardly be questioned that the change in 
color produced by dioxane, acetone, and other 
oxygen compounds arises from their interaction 
with the amine. Numerous studies of hydrogen 
bridges between amines and other types of com- 
pounds have been made by infrared and Raman 
spectroscopy, solubility measurements, and other 
methods. From these studies, the ability of 
amines to form hydrogen bridges with compounds 
containing active hydrogen, such as alcohols and 
Asso- 


ciated molecules in which the hydrogen of the 


haloforms, appears to be well established. 


amine is bridged to the oxygen of another molecule 
However, Gordy [70] 
obtained spectroscopic evidence for association 
of this type in mixtures of aniline with acetone, 


seem to be less common. 


t was noted subsequently that a similar behavior has been described for 
bromphenol blue, the sulfonephthalein analog ot bromphthalein magenta [41] 
Normal mercaptans with 8, 10, 12, or 14 carbon atoms were without effect 
For additional compounds that produce the effect, see section [V-10 
2 Continued addition of alcohol produced a gradual shift to the blue color 
and molar absorbancy curve characteristic of the tetraethylammonium or 
In the 
absence of piperidine, the effect of 4 to 6 percent of alcohol on the absorbaney 
curve of the indicator was almost negligible 


potassium salts of bromphthalein magenta in 95-percent alcohol 


The molar absorbancy curve 
for 5X10--M bromphthalein magenta in absolute ethyl alcohol is the same 
as that found for the potassium and tetraethylammonium salts in 95-percent 
alcohol, but in more concentrated solutions the presence of unchanged indi- 
cator is evident. 
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esters, and ethers. Furthermore, according to 
Huggins [15], ammonium hydrogens can be ex- 
pected to form stronger bridges to oxygen com- 
pounds than amino hydrogens. Consequently, 
formula II in figure 19 provides a reasonable 


structure for the magenta complex formed in 


i i 
R R-N-H..-:0-R" 
+ o: 4 
0 R a -0O 
Br- »-Br Br-° »>-Br Br-* »-Br 
Cc C : ’ Cc 
- x x 
Br-.  -Br Br-_ -Br Br-. --Br 
a ~ 0 .@) 
+ 
H— :N—H 
R 
I I 


Ficgure 19. Formulas postulated for dialkylammonium 
salts of bromphthalein magenta. 


I, Dimer formed in benzene and other inert solvents; Il, monomer formed 


in presence of an oxygen compound. F and PF’ =alkyl groups; R’’ =hydrogen, 


alkyl, or other organic radical 


benzene solutions of bromphthalein magenta, a 
secondary amine, and an oxygen compound, 
R’OR”’. When the purple-blue salt is formed by 
reaction of bromphthalein magenta with a second- 
ary amine in benzene, it is logical to assume that 
in the absence of an oxygen compound the 
hydrogen atom linked to oxygen in formula II is 
involved in some other type of bridge. A structure 
for the purple-blue salt is suggested in figure 19, 
formula I. That is, a dimer, stabilized by reson- 
ance, is postulated. 
with the fact that the color of the secondary 
ammonium salt of bromphthalein magenta is 
intermediate between that of the tertiary am- 
monium salt and the quaternary ammonium salt. 
Additional support is furnished by studies of the 
molar polarization of partially substituted am- 
monium picrates in benzene as a function of con- 
centration, performed in this laboratory by A. A. 
Maryott. Tertiary ammonium picrates exhibit no 
association, while secondary ammonium picrates 


This hypothesis is consistent 


are associated appreciably in a way that results 
in some cancellation of the dipole moments of the 
individual molecules of the salt. Primary am- 
monium picrates are still more highly associated. 
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When dioxane is used as solvent, there is y, 
evidence of association for any one of the thy 
types of salt [71]. 

As for the primary ammonium salts of broy. 
phthalein magenta,which show optical resem) lanes 
to both the secondary ammonium and the tertiary 
ammonium salts, the following explanation is sy. 
A dimer may form, as in the case of thy 
secondary ammonium salt, but the third hydro. 
gen of the ammonium ion can participate in bridy 
formation. 
are weakened. 

It seems quite likely that phenomena of thy 
kind so readily observed in the reaction of brom- 
phthalein magenta with bases in benzene play « 
important 
reactions. 


gested. 


As a result, the other nitrogen bridgps 


role in) numerous other acid-has 


9. Reaction of Bromphthalein Magenta in Benzene 
With Miscellaneous Other Organic Bases 


Ammonia.—A blue color results when dry an. 
monia is passed into bromphthalein magenta 
benzene, and there is spectrophotometric eviden 
of an absorption band near 575 mu. Howeve 
the product separates so rapidly from solutio 
that quantitative studies are not possible. 
Alkanolamines and other orygen-containing 
As described in section IV-—8, addition 0 
an alcohol or other oxygen compound to the blu 
solution of bromphthalein magenta and a second: 
ary amine in benzene changes the color to magenta 
It is not surprising, therefore, that oxygen witli 
the secondary amine molecule, as in morpholi: 
or methylmonoethanolamine, CH; NHCH,CH,OH 
produces a similar effect. For example, a smal 
amount of morpholine with bromphthalein ma- 
genta in benzene produces a blue color, whi 


amines. 


changes to magenta with continued addition | 
morpholine. A trace of methylmonoethanolamu 
produces a blue color slightly tinged with red, an 
a larger quantity gives a magenta color. Sw 
color phenomena, which at first seemed puzzling 
can readily be understood and predicted by apply- 
ing the explanation offered IV-s 
That is, when relatively few molecules of th 
oxygenated amine are present their amino groups 
react with the indicator acid to give the blu 
dimer; when surplus molecules are present th: 
orygen groups become linked through hydroge! 
with the nitrogen atoms in the dimer, and th 
dimer changes to the magenta-colored monomer 


in section 
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As the second reaction may occur before 


he urst change is complete, there is likely to be 
videnee of the magenta color, together with the 
uc. The “normal” behavior of primary amines 


likewise affected by oxygen groups within the 
nolecule. Triethanolamine and N-methyl-— or 
\-ethylmorpholine, on the other hand, give the 
nagenta color produced by any tertiary aliphatic 
imine. The change in the color of bromphthalein 
magenta caused by any particular amine depends 
upon the character of its nitrogen atom (primary, 
secondary, or tertiary), upon the nature and 
number of its oxygen groups, and upon the con- 
centrations of the amine and the indicator acid. 
The behavior of concentrated solutions in general 
is complicated by overlapping effects. Sensitive 
color reactions, such as those of bromphthalein 
magenta with simple amines in benzene, are 
helpful in gaining an understanding of more 


~ 


complex systems. 

Alkaloids — Alkaloids and other drugs of basici- 
ty comparable to that of aliphatic amines 
should show color reactions with bromphthalein 
magenta like those already described, provided 
steric or other factors do not interfere. A few 
tests with alkaloids containing tertiary amino 
groups gave results of the character anticipated. 
For example, a minute quantity of brucine, 
codeine, nicotine, quinine, or strychnine produced 
a magenta tone with bromphthalein magenta in 
codeine, and nicotine were 
added as the free bases. The other two alkaloids, 
available as the sulfate, were dissolved in water, 
a trace of alkali was added, and the base was ex- 
tracted with benzene. The benzene extract gave 
an immediate color reaction with the indicator. 

One may predict the behavior of other alkaloids 


benzene. Brucine, 


and drugs. For instance, coniine (a-n-propyl- 
piperidine) should give a blue color with brom- 
pithalein magenta in benzene, but the majority of 
the alkaloids are likely to give a magenta tone. 

Aniline, dimethylaniline, and 
similar aromatic bases are too weakly basic to 
measurable reaction with bromphthalein 
concentrations such as those dealt 


Aromatic amines. 


show 
Magenta at 
with in the preceding sections of this paper. 
In amounts greater than about 100 molar equiva- 
lents, aniline or dimethylaniline produce a_per- 
ceptible change of color from yellow to amber’ 
With inereasing amounts of the aromatic amine, 
the color gradually deepens. Spectrophotometric 
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measurements showed that no stoichiometric re- 
action occurs. 
Tetrahydroquinoline 
Decahydroquinoline, even in a very small quan- 
tity, gives a blue color with bromphthalein ma- 
genta in benzene, showing the usual behavior 
of a secondary amine. The basicity of tetra- 
hydroquinoline, on the other hand, is weakened 
by the partial aromatic character of the molecule. 
In optical behavior, it shows some similarity to 
primary aliphatic amines. Absorbancy curves for 
different mixtures of bromphthalein magenta E 
with tetrahydroquinoline in benzene are shown in 
These curves correspond to 107*-\/ 


and decahydroquinoline. 


figure 20. 
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Figure 20. 
E, 10-4-M in benzene, 2.5-mm cell, with various concen- 
trations of tetrahydroquinoline expressed as molar equiva- 
lents of the indicator. 


Absorbancy curves for bromphthalein magenta 


(1) None; (2) 80; (3) 500; (4) 800; (5) 1,200; (6) 1,680; (7) 10,000. 


dye in a 2.5-mm cell, with the following concen- 
trations of tetrahydroquinoline, expressed as molar 
equivalents of the indicator: (1) None; (2) 80; 
(3) 500; (4) 800; (5) 1,200; (6) 1,680; (7) 10,000. 
In addition to the absorption band at 575 mau, 
there is evidence of a second band near 540 mu. 
For concentrations of tetrahydroquinoline up to 
800 molar equivalents (curve 4), there are two 
fairly sharp isosbestic points, one near 350 my and 
the other near 455 my. The absorption band 
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near 575 my reached a maximum index of 45,000 
to 46,000 for about 800 molar equivalents of tetra- 
hydroquinoline. When larger quantities of the 
base were added to the dye, the molar absorbancy 
index at 575 mu remained fairly constant, but the 
absorbancy near 540 my increased, and the solu- 
tion exhibited instability. Consequently, it was 
not possible to determine the limiting curve for 
the reaction. The lack of constancy of the molar 
absorbancy index near 575 my may be due to 
incipient precipitation of the salt. Tetrahydro- 
quinoline was present in the comparison cell when 
the data for curves 2, 3, and 4 were obtained. 
Insufficient tetrahydroquinoline was available to 
permit its use in the comparison cell during the 
measurements for curves 5, 6, and 7. Further- 
more, the two sets of curves were obtained with 
two different samples which contained different 
amounts of a brown impurity. The lack of con- 
stancy of the isosbestic point near 455 my in the 
case of curves 5, 6, and 7 is probably caused partly 
by the colored impurity and partly by incipient 
precipitation of the salt. 

Alkyl-substituted quanidines.—This interesting 
class of nitrogen bases has been ignored by most 
investigators. A valuable contribution was made 
by Davis and Elderfield, who studied the effect 
upon the basicity of guanidine and its derivatives 
of variations in the kind of substituent and the 
position of substitution [72]. They pointed out 
that guanidine and its monoalkyl, N,N-dialkyl, 
and N, N’, N’’-trialkyl derivatives give aqueous 
solutions comparable in strength with 
hydroxide. On the other 
hand, monophenylguanidine is considerably less 
basic than monoalkylguanidines and N, N’- 
dialkylguanidines are weaker still. Pauling has 
suggested that resonance in the guanidinium ion 
may explain the high basicity of guanidine and 
the effect of substituents [17]. The study of acid- 
base reactions in organic media has been hampered 
by the lack of an organic base sufficiently strong 
with benzoic, and other weak 
organic acids. The data presented in section 
IV-7, indicate that N, N’-diphenyl- and di-o- 
tolylguanidine are more strongly basic in benzene 
than piperidine, which is generally considered to 
be the strongest of the aliphatic amines. N, N’- 
Dialkylguanidines should be more basic than the 
corresponding diarylguanidines, and NV, N’, N’’- 
trialkylguanidines, still stronger. Unfortunately, 


basic 


aqueous potassium 


to react acetic, 
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such compounds are not available comme cial) 
at the present time. However, interest in cuay. 
dine derivatives is growing, and it is hope: thy: 
eventually a series of symmetrical di- and trialky 
derivatives will be obtainable. One would expe: 
that N, N’, N’’-trialkylguanidines in which ¢\ 
alkyl groups contain 4 or more carbon atom 
would possess sufficiently great basicity ay 
solubility in inert solvents to prove usefal jy 
titrations of weak organic acids. 

Experimental samples of N,N’-dicyclohexy'. 
guanidine hydrochloride, monododecylguanidin 
and the salts of a few other monosubstitute 
guanidine derivatives were obtained from a cow. 
mercial source.“ Dicyclohexylguanidine hydro. 
chloride was converted into the free base. As a»- 
ticipated, this is more basic than diphenyl- « 
di-o-tolylguanidine. It also differs in giving , 
blue color instead of magenta when mixed wit! 
bromphthalein magenta in benzene. The usefyi- 
ness of dicyclohexylguanidine is limited by its 
rather low solubility, which is little more thi 
0.0025 mole per liter of benzene. Monododeecy'- 
guanidine also turns bromphthalein magenta b|\ 
and is difficultly soluble in benzene. 

In other experiments, a suspension of mono- 
phenyl-, a-naphthyl-, or p-tolylguanidine carbon- 
ate in distilled water was shaken for a few mo- 
ments with benzene. Partial hydrolysis of tly 
salt occurred, and a sufficient quantity of tly 
free guanidine derivative dissolved in the benzene 
layer to give a blue color upon the addition o! 
bromphthalein) magenta. Commercial methiy'- 
guanidine sulfate behaved similarly when a trac 
of alkali was added to its aqueous solution a 
the latter was then shaken with benzene. 

In figure 21 are shown the molar absorbance 
curve for bromphthalein magenta in benz 
(curve A) and the limiting curves for its reaction 
with the following organic bases: (1) Cyclohexy- 
amine; (2) diethylamine; (3) triethylamine; 4 
tetra-n-butylammonium hydroxide; (5) 1,3-liey- 
clohexylguanidine; (6) tetrahydroquinoline.’ 
Curves 2, 3, and 4 show single maxima in tli 


visible region. These occur at the follow 
respective wave numbers (em™'X10~°): li4 
18.4, 16.5. For curve A, the maximum in tli 





S The authors are indebted to the American Cyanamid (« 
samples. 

“ The maximum molar absorbancy index for curve 4 is probe 
(see section IV-5). Curve 6 was calculated from the data st 
sorbancy curve 4 in fig. 20. 
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Ficure 21. 


i) Bromphthalein magenta E; (1) bromphthalein magenta E plus cyclohexylamine; (2) 


Molar absorbancy curves for bromphthalein magenta and its salts with different organic bases in benzene. 


bromphthalein magenta E plus diethylamine; (3) brom- 


phthalein magenta B plus triethylamine; (4) tetra-n-butylammonium salt of bromphthalein magenta B, 10-*M, (5) bromphthalein magenta E plus 1,3- 


cyclohexylguanidine; (6 


visible region is located practically midway be- 
tween the wave numbers 25.0 and 24.7 em7! 
l0-*. In the other curves, there is evidence of 
two maxima in the visible spectrum, as follows: 
for curves 1 and 6, at 17.4 and 18.4; for curve 6, 
17.4. An explanation has been sug- 
IV-8) for the behavior of the 
secondary, tertiary, and quaternary 
alkylammonium compounds (curves 1 to 4). 
The behavior of tetrahydroquinoline (curve 6) 
indicates that its salt with bromphthalein magenta 
is partly dimerized and partly in the monomeric 
form, while the curve for dicyclohexylguanidine 
Suggests that its salt may exist partly as a dimer 
and partly as ion-pairs. 
dievelohexylguanidine was only 98 to 99 percent 
pure 


at 16.5 and 
gested (section 


primary, 


However, because the 


further experimentation is necessary before 

this interpretation can be accepted. 
Trimethylamine oride.—Although this paper is 

concerned primarily with bases in which the nitro- 
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bromphthalein magenta E, 10-*M, plus 800 molar equivalents of tetrahydroquinoline. 


gen atom acts as proton acceptor, it is of interest 
to compare the behavior of a tertiary amine oxide 
toward bromphthalein magenta in benzene with 
that of the tertiary amines, already discussed. 
Nylén found six amine oxides, including trimethyl- 
amine oxide, to be weaker bases than the corre- 
sponding amines in aqueous solution [73]. Some 
other published data for trimethylamine and tri- 
methylamine oxide are summarized in table 6. 
Obviously the addition of an oxygen atom to the 
amine nitrogen changes appreciably the character 
of the base. Not only is the polar character of the 
molecule greatly enhanced and the carbon to nitro- 
gen bond increased in length, but the picrate is 
much nitrobenzene. Conse- 
quently, one would predict stable salt formation 
from the reaction of trimethylamine oxide and 
bromphthalein magenta. The hygroscopicity of 
trimethylamine oxide is so great that preparation 
of a benzene solution of known concentration was 


less dissociated in 
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not attempted. However, some distinctive char- 


acteristics of the amine oxide could be detected. 
TaBLe 6.—Comparison of trimethylamine and trimethyl- 
amine oxide 


Trimethyl- Trimethyl- 


Physical property 


amine amine oxide 
Dipole moment (D) * 0.65 b 5.02 
Length of C—N bond (A °1.4720.02 41.54 240.02 
Dissociation constant of picrate in nitrobenzene ¢ 1.46X10-* 1. 73X11 


* L. G, Groves and 8. Sugden, J. Chem. Soc. (London) 1779 (1937); gas. 
>» E. P. Linton, J. Am. Chem. Soc. 62, 1945 (1940); in benzene at 45° C. 

¢ L. O. Brockway and H,. O. Jenkins, J. Am. Chem. Soe. 58, 2086 (1936) 
4M. W. Lister and L. F. Sutton, Trans. Faraday Soc. 35, 495 (1939). 
eC. A. Kraus, J. Phys. Chem. 4, 231 (1939 


Trimethylamine was oxidized to trimethylamine 
oxide by 3-percent hydrogen peroxide, according 
to the method of Dunstan and Goulding [74], and 
crystallized as the dihydrate. The anhydrous 
product was obtained as a sublimate by Meisen- 
heimer’s procedure, namely, heating of the dihy- 
drate in vacuo over phosphorus pentoxide [75]. 
Part of the sublimate was transferred quickly to a 
volumetric flask containing 5 10-°-\/ brom- 
phthalein magenta in benzene. Although the amine 
oxide did not dissolve completely, the solution 
immediately assumed a magenta tone. The 
absorbancy curve for this solution (curve 2) is 
shown in figure 22, together with the curves for 
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Figure 22. Molar absorbancy curves for bromphthalein 


magenta and its salts with different organic bases in 
benzene. 


(A) Bromphthalein magenta E; (1) bromphthalein magenta E plus 
triethylamine; (2) bromphthalein magenta E plus trimethylamine oxide. 


bromphthalein magenta (curve A) and its triethyl- 
ammonium salt (curve 1). The solution was 
probably saturated with trimethylamine oxide, 
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since the absorption spectrum did not chanve aftef 


further shaking and the lapse of 2% days. \ 


compared with the triethylammonium salt, ¢) 
absorbancy curve for the salt of trimethylamiy, 
oxide is shifted approximately 20 mu (700 em 
toward shorter wavelengths, and the molar absor). 
ancy index is 33,000 instead of 42,000. In ty 
region 310 to 380 mu (31,700 to 26,300 em) thy 
absorbancy curves for the triethylammonium ay¢ 
trimethylamine oxide salts are nearly identica! 
Curve 2 intersects curve A at the approximat 
wavelength 450 my (22,220 em~'), while curve 
intersects curve A near 460 my (21,740 em 
Degeneracy of the resonance structures of tly 
anion of bromphthalein magenta appears to |; 
less complete in the salt formed by combinatioy 
of the indicator with trimethylamine oxide tha 
in the salts formed by its combination wit) 
trialkylamines, indicating that the proton of «| 
indicator acid undergoes a smaller displacement \o- 
ward the oxygen of trimethylamine oxide tha 
toward the nitrogen of triethylamine. This inte: 
pretation is in harmony with the low value reported 
by Kraus (table 6, footnote e) for the dissociation 
into ions of the picrate of trimethylamine oxide \ 
nitrobenzene. 

A different sample of dehydrated trimethy'- 
amine oxide absorbed atmospheric moisture » 
quickly that the melting point corresponded 
the dihydrate. Consequently, it is not certau 
that the sample that was mixed with bromphithal- 
ein magenta in benzene was free of water. \o 
visual change was evident in the solution aftr 
several months. <A striking change occurred whet 
methyl or ethyl aleohol was added. One drop 0! 
the alcohol caused a marked fading of the magenta 
color, and several drops destroyed it complete) 
leaving the yellow color of the indicator ac 
n-Butyl alcohol and cyclohexanol produced 
smaller effect, and isopropyl alcohol was still les 
effective. Water was without visual effect, as w 
acetone, ethyl acetate, and dioxane. Pending 
further experimental work, it cannot be sa 
whether the effect was due to the alcohol itself « 
to a trace of an acidic impurity. This behav 
of the salt of trimethylamine oxide with bron 
phthalein magenta makes it readily distinguishab! 
from solutions that contain the salt of brom- 
phthalein magenta with unoxidized tertiary amines 
such as trimethyl- or triethylamine. 
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action of Bromphthalein Magenta with 
©-sanic Bases in Other Organic Solvents. 
D..cussion of Solvent Effects 


( loherane.—In this solvent, as in benzene, 
romphthalein magenta gives different colors with 
rimary, secondary, and tertiary amines. How- 
vel the salts formed have limited solubilities, as 
iW! by the fact that a Tyndall beam could be 
bserved when more than a minute quantity of 
he amine was present. Transmittancy curves 
1 bromphthalein magenta B, 5 10~° M in eyclo- 
exane (curve 1), and for its products with di- 
thylamine (curve 8) and with triethylamine 
curves 2 through 7) are shown in figure 23. A 
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Ficure 23. (1 to 7) Transmittancy curves for brom- 
phthalein magenta B, 5X 10- M in cyclohexane, in 1-cm 
cell, with various concentrations of triethylamine expressed 
us molar equivalents of the indicator. 

None; (2) 1; (3) 2; (4) 5; 


; 5) 8; (6) 20; (7) 40; OS) transmittancy curve for 
olution of the indicator with | molar equivalent of diethylamine, l-cm 


l-cm absorption cell was used throughout. Curve 
was obtained for the indicator after the addition 
fone molar equivalent of diethylamine. Curves 
- through 7 were obtained for solutions that con- 
tained the following successive concentrations of 
triethylamine, expressed as molar equivalents of 
the indicator acid: (2) 1; (3) 2; (4) 5; (5) 8; (6) 20; 
*) 40. A Tyndall beam was not detected for the 
solutions that gave curves 2, 3, and 4. With 20 
moler equivalents of triethylamine, a Tyndall 
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beam appeared after the solution had stood over- 
night, and with 40 molar equivalents, immediately 
after preparation of the solution. Maximum ab- 
sorbancy in the visible region occurs 15 to 20 my 
nearer the ultraviolet in cyclohexane than in ben- 
zene. The transmittancy curves show spreading 
at the higher wavelengths, probably due to scat- 
tering of light by suspended particles. 

Ethylene dichloride—In figure 24 are shown 
transmittancy curves for bromphthalein magenta 
E, 5 107° M in ethylene dichloride (curve 1), and 
for its reaction products with one molar equivalent 
of the following amines: (2) n-Butylamine; (3) 
di-n-butylamine; (4) triethylamine; (5) 1,3-di-o- 
tolvlguanidine. was obtained for the 
5<10°-M solution of the tetraethylammonium 
salt of bromphthalein magenta F in ethylene di- 
chloride. A 5-mm absorption cell was 
throughout. 

The behavior of the tetraethylammonium salt 
in different solvents, including ethylene dichloride, 
was discussed above (sections IV—5 and IV-8), and 
it was concluded that the color of the anion shows 
no significant interaction of the anion with the 
cation and no appreciable solvent effect. The situ- 
ation is different for the incompletely alkylated am- 
monium salts. As in benzene, these salts behave 
differently from the tetraalkylammonium salts. 
However, in ethylene dichloride primary, second- 
ary, and tertiary ammonium salts show similar be- 
havior instead of the characteristic differences 
observed for solutions in benzene. From figure 24 
it is evident that in ethylene dichloride the n-butyl- 
ammonium, di-n-butylammonium,  triethyl-am- 
monium, and 1,3-di-o-tolylguanidinium salts of 
bromphthalein magenta similar trans- 
mittancy curves, with a maximum absorbancy 
(minimum transmittancy) near 570 This 
“leveling action” of ethylene dichloride may be 
explained as analogous to the effect of oxygen 
compounds (see fig. 19, Il). In other words, a 
chlorine atom in ethylene dichloride, like oxygen 
in aleohols, ethers, etc., apparently can serve as a 
proton acceptor with primary or secondary am- 
monium salts, with the formation of a hydrogen 
bridge between N and Cl. As a result, the 
dimeric form of the salt gives place to the monomer. 
An additional effect of ethylene dichloride is to 
shift the absorption band approximately 30 my 
toward the infrared. A bathochromic effect 
upon dyes is often observed as the dielectric 
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to 5)Transmittancy curves for bromphthalein magenta E, 510-5 M in ethylene dichloride, in 5 


cell, with 1 molar equivalent of the following bases. 


(1) None; (2) n-butylamine; (3) di-n-butylamine; (4) triethylamine; 


(5) 1,3-di-o-tolylguanidine ; 


(6) transmittancy curve for tetraethylamn 


salt of bromphthalein magenta FE, 510-5 M in ethylene dichloride, 5mm cell. 


constant of the solvent is increased, and the di- 
electric constant of ethylene dichloride (10.24) is 
appreciably greater than that of benzene (2.27). 
Whether ethylene dichloride exerts its effect 
through dipole orientation [76] or in some other 
manner is debatable. The apparent effect of the 
solvent, however, is to reduce the extent of inter- 
action of the indicator anion with the various 
cations, thus increasing the degeneracy of the 
resonance structures of the anion. 

The reactions shown by curves 2 
incomplete, as only one molar equivalent of amine 
had been added to the indicator. The transmit- 
tancies at 570 my are therefore a measure of the 
relative strengths of the bases. It is evident that 
these basicities fall in the same order as in benzene 
solution. 

Other solvents._Discussion of solvent effects. 
Qualitative observations of the color of brom- 


through 5 were 


phthalein magenta and of its salts with primary, se 
ondary, and tertiary amines in solvents of differen: 
types are summarized in table 7. For the ind 
cator and for these three types of salts, a solvent 
effect is plainly evident. 
the quaternary ammonium salt is also stated { 
a number of solvents; for this type of compound : 
solvent effect is absent or slight. Conclusion 
drawn from visual tests are necessarily tentativ 
because spectrophotometric measurements oft 
reveal differences that are not evident to the ev 
It is also possible that traces of impurities wer 
present in some of the solvents. 


tion of the indicator and base. Nevertheless, io 
bromphthalein magenta and for its quaternary © 
tertiary ammonium salts, the following simp! 
explanations of solvent effects are possible: 


In the table the color o/ 


Furthermore, « 
stated in section IV-8, in oxygen-containing S0l- 
vents, the color is dependent upon the concentt- 
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TABLE 7.—Effect of solvent and added base upon the color of bromphthalein magenta * 


Solvent © - a . — 


0 I Il Ill IV 


. Type of base added ¢ 


A. APROTIC SOLVENTS 


4 — = . 
, Ben 2.27) Yellow Red-purple Blue 4 Magenta Blue.¢ 
tetrachloride (2.22) do — = do 4 do.__. Do.* 
velo une (2.01) do : ...do do 4 = : Do.¢ 
il 2.31, 18° C) do do 4. do Do.* 
~arbon disulfide (2.63, 20° C) ...do Magenta ¢. Magenta ‘. — . Do.+ 


B. PARTLY HALOGENATED HYDROCARBONS 


wrobenzene (5.61) Yellow Red-purple Red-purple Magenta Blue.* 
hloroform (4.72) : do do. .... _ — = - Do.* 
‘thvlene dichloride (10.24) ‘ ....do Magenta Magenta — — 2 | Do.e 
5 C, ETHERS 
Mioxane (2.23 Yellow ..| Magenta Magenta Magenta Blue.¢ 
Diethyl ether (4.26) ...do do ...do do... Do. 
Diethyl “Cellosolve”’ do Red-purple Red-purple .do 
R 2 Anisole (4.29) do Magenta Magenta do Blue.¢ 


D. ESTERS 





: Ethy] acetate (4.5, 18° C)_. Green-yellow Red-purple Red-purple Magenta Blue ¢ 
y,s Buty! stearate (3.12, 30° C)« Yellow Magenta Magenta do... 
fers EDibutyl sebacate (4.55, 30° C)« ..do do do ...do 
. Methyl benzoate (6.9, 20° C) Green-blue Red-purple Red-purple do 
P Nd: Benzy! benzoate (4.8, 20° C) Yellow... — en olives do 
ol venti Tributy! phosphate (7.97, 30° C)« ‘ Blue-green - - ; Blue « Blue ¢ Blue « 
olor of = 
ed { E. KETONES 
und 
lusiot Acetone (20.88) . . Yellow to blue > Blue ¢ : Blue ¢ Blue ¢__. Blue.¢ 
y Methy] isobuty] ketone___- a do* ..do* ....do*e 
1tativ Ge Acetonylacetone.. - ..do 4 do doe doe | 
oft mae yclohexanone (18.2, 20° C) Yellow to green » do _.do do ¢. | 
' 
1e ev aia Se ee ae ak ~ 
, F. ALCOHOLS! 
S wer 
ore, as j 
Ethyl alcohol (23.2, 30° C) | Blue + | Blue ¢ Piue ¢ Blue ¢ Blue.¢ 
If SU BRn-Propyl alcohol (21.2, 21.9° C). : ..| Green-blue . .-.do -- --G0 © do * 
“entra-fge’- Butyl alcohol (18.4, 20.5° C) Green. ..doe doe do 
P Heptanol-2_. Green-yellow do* ...do * Red-purple 
SS, 1" Octyl alcohol (2-ethylhexanol) Yellow ..| Red-purple ; Red-purple do. 
ary ( Heptadecanol (3,9-diethyltridecanol-6) Magenta do. do... , Magenta. . 
: Cyclohexanol (8.5, 18° C) . ..| Blue-green. . ..| Blue + ..| Bluee Blue ¢ ° 
SIM P!* HR Benzyl alcohol (13.6, 21.5° C) ...| Green ....do* doe ..do* pewesl 
2-Methyl-2,3-pentanediol (24.4, 30° C) 6_- Blue ¢ ee ..do ¢ ..do * isodl 


See footnotes at end Of taple. 
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TaBLe 7.—Effect of solvent and added base upon the color of bromphthalein magenta *—Continued 





lype of base added ¢ 





Solvent © 
0 I Il Ill I\ 
G. MISCELLANEOUS 
Acetonitrile (36.7 Green-blue Blue ¢ Blue ¢ Blue ¢ 
Aniline (7.3, 21.6° C do do 4 do 4 do @ Blue 
Nitrobenzene (34.9 Yellow CGireen Green-blue Green Dor 
Nitromethane (35.76, 20° C) « do Blue ¢ Blue + Blue ¢ 
Pyridine (12.5, 20° C CGreen-blue Green-blue do* doe 





oluti 


jon | 







* Bromphthalein magenta B was used in these tests. ; 
usLO 


» Numbers in parentheses are dielectric constants, at 25° C unless otherwise indicated. Values were taken from the literature [92,93], except as note 
* Key to bases used: O=no base; l= CsHyN Hy; IL =(n-CyHy)yN H; ITD =(CoHs)s N, 1V =(n-CyHy),N —salt of bromphthalein magenta B 


Ves 
4 Purple-blue. ° 























¢ Blue, without purple tings f th 
Base reacted to some extent with solvent. rialk 
« Values were obtained by A. A. Maryott and C. G. Malmberg of the Bureau for high-grade commercial solvent. 
» Yellow in concentrated solution, bluer upon dilution. Ss Inc 
' In concentrated solutions, the color shifts toward yellow. hsor 
hat 
(1) Bromphthalein magenta.—As stated in the the indicator acid forms a bridge to the oxygen in HB...) 
introduction, it is fairly well established that the —OH group of the alcohol, with the alcoho M4 ; 
ionization of most acids is dependent chiefly upon taking the role of a base. The hydrogen brig: HR. ;, 
the presence of proton-attracting molecules. For is shielded by the hydrocarbon radicals in the Bac: 
example, Kraus observed that hydrogen chloride alcohol, so that further solvation of the proton is (4) 
is a very weak electrolyte in nitrobenzene, in spite impeded. It seems likely that a completely solve- Hi... , 
of the rather high dielectric constant of this ted proton forms a hydrogen bridge between two Bn ace 
solvent [57a]. On the other hand, perchloric acid molecules of solvent, and complete solvation by M4 
is a rather strong electrolyte in nitrobenzene. either of these alcohols may be prevented by stene HR nn 
There is evidently a considerable difference in the _ factors. a) 
affinity of the chloride and perchlorate ions for (2) Quaternary ammonium  salts.—For ther By. 4 
protons. As pointed out in the introduction, this | compounds, the attraction between the cation ani 0), 
difference is masked in aqueous solutions, as the anion is Coulombic in nature and probably @.)..,. 
protons of both acids unite with the solvent to give has little or no influence upon the electronic sy+ ip 
H,O0* ions. From the behavior of the acid, brom- tem of the anion. On the basis of the resonan oe 
phthalein magenta, it is to be inferred that the hypothesis, the degeneracy of the structures con- — 
affinity of its anion for a proton is high. In tributing to the resonance of the anion may Bi proto 
solvents of classes A, B, and C, there is no evidence considered essentially complete. Consequent)s iia 
of ionization, whereas solvents that have a high the extent to which a quaternary ammonium si! Be 
affinity for protons, such as alcohols and pyridine, exists as free ions, ion-pairs, or other aggregates @ ), .. 
compete with the anion of the acid, producing is not measurable spectrophotometrically. ao 
solvated hydrogen ions and liberating the blue (3) Tertiary ammonium salts.—In section IV+, Be .. . 
anions. lonization of the indicator acid is incom- the behavior of tertiary ammonium salts in bet- The 
plete, however, except at very high dilutions. The zene was considered and a hydrogen bridge be — 
peculiar behavior shown by heptadecanol (3,9- tween the cation and anion was postulated. This exhib 
diethyltridecanol-6) in producing a magenta tone is the explanation that Kraus advanced to acco!!! @ 
rather than a blue color was also observed for for the low dissociation constants of most salts 0! —_ 
tetradecanol (7-ethyl-2-methylundecanol-4). It is this type in solvents having no affinity for the q 
noteworthy that both compounds have two large proton. He attributed the leveling effect “@.).. 
hydrocarbon radicals adjacent to the —OH group. pyridine upon the dissociation of ammonium salls that 
The following explanation for the magenta color to interaction of the proton of the cation with & ches 


is suggested: The hydrogen in the —OH group of pyridine molecule. In the absence of a protot- 


cont 


256 Journal of Research Aci, 








Blue. 


noted 


ygen i 
alcoho! 
bridge 
in the 
oton is 
solva- 
enh tw 
ion by 
y ster! 


thes 
on and 
obably 
ic sys 
ynanece 
‘Ss CON- 
ay in 
rently 
m sail 


egates 


IV4 


l ben- 


‘count 
alts of 
yr the 
et of 
: salts 
vith a 


roton- 


earch 


tt ting solvent, the proton of the cation inter- 


ets (vongly with the anion of the salt [57]. The 
ehovior of trialkylammonium salts of brom- 
hihalein magenta may be given a similar interpre- 
ati That is, a magenta color indicates inter- 


ection between the proton of the trialkylammoni- 
m ion and the anion; a blue color is evidence 
hat the proton of the cation has interacted with 
molecule of the solvent. If the conductance 
ere measured, a negligible value for the magenta 
lution and a measurable value for the blue solu- 
ion would be predicted. In analogy with con- 
lusions reached by Brooker in studies of other 
Hves [77], one may conclude that the degeneracy 
f the resonance structures of the anion in a 
rialkylammonium salt of bromphthalein magenta 
s incomplete, as shown by the fact that spectral 
bsorption occurs at shorter wavelengths than 
hat of tetraalkylammonium salts. It is to be 
ecalled that salts of symmetrical diarylguanidines 
pid triphenylguanidine behave in the same way 
as trialkvlammonium salts of bromphthalein 
lagenta. 
Before discus- 
ion of dialkylammonium salts of bromphthalein 
nagenta, the experimental data given in table 7 
nd in earlier sections of the paper may be 
ummarized: 

(a) In hydrocarbons and in carbon tetrachlor- 
ide, the color is purple-blue; (b) addition of small 
umounts of aleohol or other oxygen-containing 
olvents produces a change in color from purple- 
blue to magenta; (c) in partly halogenated hydro- 
arbons, ‘ethers, and most 
nagenta or red-purple; (d) in solvents of high 
proton-affinity, the color is blue. This is a dif- 
ferent color, visually and spectrophotometrically, 
from the purple-blue of solutions in solvents of 
class A. 


(4) Secondary ammonium salts. 


esters, the color is 


An explanation for observations (a), (b), and 
¢) was offered in section IV-8, and on page 253. 
The blue color of solutions in solvents of high 
proton-affinity (observation (d)) resembles that 
exhibited by tertiary-ammonium salts in these 
solvents and is to be accounted for in a similar 
way 

In addition to the effects discussed in the pre- 
ceding paragraph, note should be made of the fact 
that the purple-blue of solutions in benzene is 
chanced to magenta, not only by compounds that 
contain oxygen or halogen, but also by other types 
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of solvents, including acetonitrile, aniline, and 
nitrobenzene. In studying the deuteron-attract- 
ing properties of liquids by infrared spectroscopy, 
Gordy and his collaborators [78, 79] measured the 
shift of the OD band of heavy methyl alcohol, 
CH,0OD, or heavy water, D,O. Benzene was 
used as reference solvent for CH,OD or D,O. 
Nitrobenzene was found to produce a small but 
measurable shift, and acetonitrile, oxygen com- 
pounds, and amines produced a greater shift, in 
the order named. The shift produced in the OD 
band was greater for D,O than for CH,OD. The 
OD band in CH,OD was not shifted by bromo- 
benzene. The conclusion was reached that nitro- 
benzene can be linked through deuterium to the 
oxygen of D,O or CH,OD. Moreover, an intra- 
molecular hydrogen bridge in o-nitrophenol is 
generally postulated to account for differences in 
the behavior of this compound and its m- and 
p-isomers. 

From the experimental data presented in this 
paper, it is evident that in a dialkylammonium 
salt of bromphthalein magenta, the cation behaves 
as a strong proton donor. When the nitrogen of 
a dialkylamine interacts with the proton of 
bromphthalein magenta, the proton originally 
attached to the amine nitrogen evidently becomes 
more loosely held, so that it interacts readily 
with oxygen, halogen, or nitrogen atoms of the 
same or other molecules.© As a result, the 
secondary ammonium salt of bromphthalein 
magenta becomes either dimerized or solvated, 
depending upon whether the medium is an inert 
solvent or contains compounds of high proton- 
affinity. The salt can be solvated by bromo- 
benzene and chlorobenzene, as well as by the 
solvents found by Gordy to exhibit bonding 
with CH,OD. 

The solvent, tri-n-butyl phosphate, deserves 
special comment. From table 7, class D, it is 
evident that this compound possesses a_ higher 
solvating capacity than the usual types of esters. 
It is therefore interesting to note that it causes 
a much larger shift in the OD band of CH,OD 
than other esters [79]. Moreover, the esters of 
phosphoric acid are exceptionally good solvents 
for monofluorodichloromethane [80]. In all these 
cases, the observations can be attributed to the 
strong proton-affinity of the P=O group. 


“SAS a corollary, it might be postulated that a mono- or dialkylamine 
should show greater reactivity with an acid (in an aprotic solvent) after the 
addition of a proton-accepting substance. 
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From a comparison of curves 2, 3, and 4 in 
figure 21 it may be concluded that in the dimeric 
form of a dialkylammonium salt of brom- 
phthalein magenta, the degeneracy of the resonance 
structures is almost as great as in a tetraalkyl- 
ammonium salt [77]. Dicyclohexylguanidine ap- 
pears to resemble secondary amines in its be- 
havior rather than tertiary amines and di- or 
triarylguanidines. 

(5) Monoalkylammonium salts.—As stated in 
section IV-4, monoalkylammonium salts of 
bromphthalein magenta appear to exist partly in 
the monomeric and partly in the dimeric condi- 
tion. The limited stability of the dimeric form 
may be explained in several ways: 

(a) A monoalkylamine does not interact so 
completely with the proton of the acid and conse- 
quently the cation of the salt has weaker proton- 
donor properties; (b) as the cation possesses two 
protons, neither proton is so readily donated as 
the single proton of a dialkylammonium salt; 
(c) the dimer of a monoalkylammonium salt of 
bromphthalein magenta has lower symmetry 
than the dimer of a dialkylammonium salt; 
(d) a monoalkylamine has sufficiently strong pro- 
ton-acceptor properties to become coordinated 
with a mono- or dialkylammonium ion. 

Interpretation of the behavior of tetrahydro- 
quinoline involves similar factors, as well as a 
possible effect of the adjacent benzene ring. 

In the above discussion, the possible role of the 
dielectric constant of the solvent has been to a 
large extent ignored. As the attraction between 
the anion and incompletely substituted ammo- 
nium ions is partly Coulombic in nature [57], 
the dielectric constant undoubtedly has some 
effect. However, the general pattern of behavior 
of bromphthalein magenta and its salts can be 
interpreted satisfactorily from a consideration of 
the proton-affinity of the solvent, but not from a 
consideration of its dielectric constant. Gordy 
has pointed out that there is no correlation 
evident in the dipole moments of solvents and the 
strengths of the bonds formed with CH,OD [79]. 


11. Sulfonephthalein Analogs and Other Indicators 


Further brief mention may be made of the fact 
that the peculiarities in behavior described above 
for bromphthalein magenta are not characteristic 
of this indicator alone. For example, differences 
in the colors produced by the addition of secondary 
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and tertiary amines to the indicator in |enzey 
solution are shown by several other ind :catos 
These include the following sulfonepht)aleins 


bromcresol green, bromeresol purple, brom phen ely 
blue, chlorphenol blue, bromchlorpheno! }jy fH 4). 
iodophenol blue, and tetrabromphenol blue. Ethy Honiv 
eosin (the ethyl ester of eosin free acid) and fhyp. 
rescent blue show characteristic differences in therfie 12-- 
behavior with secondary and tertiary amines thyll For 


are quite marked spectrophotometrically, thoug) 
less readily detected by the unaided eye {43 
These indicators have a related structure. Wi) 
the exception of fluorescent blue, they may be rv. 
garded as derivatives of benzaurin (fig. 4), with 





oreo\ 


e¢ co 





one or more halogen atoms ortho to the phendlen 1 
and quinoid oxygens. ogres 

In inert solvents, bromphthalein magenta sfiBiefly. 
superior to the other indicators listed here, on w-{ Amir 
count of its greater solubility as well as the bri-Munce: 
liant and sensitive color changes that it undergosfiiMute s 


in reactions with aliphatic amines. Furthermor 
being a monobasic acid, its reactions can be studied 
more readily than those of the sulfonephthalea 
indicators, which are dibasic acids. As is to be 
expected, the carbethoxy group, —COOC,H, 
undergoes hydrolysis by strong aqueous acid « 
alkali and conversion to tetrabromophenolphitha! 
ein results. In addition, bromphthalein magent 
is almost insoluble in water, as by intention it lacis 
the water-solubilizing sulfonic acid group that s 
present in the sulfonephthaleins. In_ short, « 
indicator must be tailored to fit the medium 1 
which it is to be used. The sulfonephthaleins w 
excellent indicators for aqueous media, but w 
suited for use in hydrocarbons, whereas the © 
verse is true for bromphthalein magenta. 

Bromphthalein magenta, the analog of bron 
phenol blue, is only one of a series of indicatogainst 
that should prove useful in organic media. 1) 
analogs of bromeresol green and other sulfor 
phthaleins would undoubtedly be valuable. Ot! 
derivatives of benzaurin, not necessarily conta! 
ing the carbethoxy group, are possibilities. 
example, a-naphtholbenzein is soluble in benz 
and, being less acidic than bromphthalein mage 
is more satisfactory for some purposes. 

The progressive solvation of incompletely alky 
ated ammonium ions, so readily observed for | 
salts of bromphthalein magenta and the ot! 
halogenated indicators referred to above, becal 
of the striking color changes that accompany * 
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enzene fat ndoubtedly occurs in the case of alkyl- 


‘ator Min im salts of other acids. This study of 
aleins fom ithalein magenta therefore serves not only 


phen clarify its behavior and that of its analogs, but 


| bly aid in interpreting the behavior of alkylam- 
Ethy onium salts in general. 

1d fluo. : 

'n ther 12. Acid-base Titrations in Organic Solvents 

es theff For many years, it was usually assumed that 

thougifid-base reactions could not occur in a 

‘e [43)n-aqueous medium. Hantzsch and numerous 
Withhers showed that this supposition is incorrect. 

, be efiforeover, the feasibility of performing quantita- 


» colorimetric titrations in inert solvents has 
by several investigators. The 
this field may be reviewed 


, With 


phenol 


n reported 
ogress made in 
enta siiPiefly. 

Aminometric titrations.—In 1903, Vorlinder an- 
unced the successful titration of aniline with a 
ute solution of anhydrous hydrogen chloride in 


, OD a- 
he bri. 


ergo 


ermor.f/nzene, with methyl yellow (p-dimethylamino- 
stididfobenzene) as indicator [81]. At that time, Vor- 
ithalenfinder was interested in correlation of the color 
s to belhd structural changes of the indicator rather 
OC.Han in titrimetric analyses. Thirty years passed 


acid or 
phthal, 
nagent 
it lacks 
that is 
ort, aa 
lium i 
eins at 
but un 
the r 


fore he turned to possible analytical applica- 
ns of the titration, for which he coined the 
me “aminometry” or “alkalimetry without 
droxyl ions” [82, 83]. Investigations showed 
at with chloroform or carbon tetrachloride in 
ace of benzene as the solvent, the color change 
s sharper. Chloroform was best because of its 
vent power and could be used alone or in mix- 
res with benzene or toluene. Benzenesulfonic 
il and other anhydrous sulfonic acids were as 
isfactory as hydrogen chloride, and changed 


brom@ier less rapidly. The acid could be standardized 
dicatogfainst aqueous alkali or against tribenzylamine 


a. Th 
sulfor 

Oth: 
contall 
~, F 


benze! 


chloroform. 

A number of aromatic and aliphatic amines not 
isfactorily titratable in aqueous or alcoholic 
dia could be titrated with results ranging from 
s than 1 percent to 2 percent below the theoreti- 
values. Volatile amines were dissolved in an 
ess of the acid and back-titrated with triben- 
amine solution. Brucine, one of the alkaloids 


agent 


> alke - 
ly alkyt titrated successfully, gave equally good 
| for “@Bults for the anhydrous and the hydrated forms. 
e otfith precautions, both amino groups of certain 


heeacidic alkaloids could be titrated. Picrie acid 
any “Ws not usable for lack of a suitable indicator. 
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A short time later, Dietzel and Paul became 
interested in Vorlinder’s aminometric procedure 
as a means of simplifying pharmacopoeial methods 
for the analysis of alkaloids and other drugs and 
their preparations and made further tests of its 
applicability to primary, secondary, and tertiary 
aliphatic and aromatic amines [84]. In preliminary 
experiments, the titration vessel was protected 
from access of atmospheric moisture, but this 
precaution was later found unnecessary. Anhy- 
drous p-toluenesulfonic acid in chloroform proved 
to be the most satisfactory standard solution. 
Hexamethylenetetramine, which acts as a mono- 
acid base, was equally as good as tribenzylamine 
for determining the titer of the acid, was cheaper 
and was more easily purified. The base concerned 
was weighed exactly into a beaker and titrated 
with 0.05-M p-toluenesulfonic acid in chloroform, 
with the addition of 5 drops of 0.05-percent 
methyl yellow in chloroform until the color 
changed sharply to red. Alkaloids and drugs 
that could be titrated with an accuracy of +1 
percent included atropine, cinchonine, papaverine, 
narcotine, codeine, strychnine, and ephedrine. The 
addition of about 1 percent of chemically pure 
phenol by volume led to a sharper color change. 
Morphine, although insoluble in chloroform alone, 
dissolved in 1:3 phenol-chloroform and was 
titrated exactly. Accurate results were obtained 
for nonvolatile aliphatic amines and for aromatic 
amines of basicity comparable to that of aniline. 
Any halogen-containing solvent, such as tetra- 
chloroethane or methylene chloride, could be 
substituted for chloroform. 

Khait [85] used the procedure of Dietzel and 
Paul in the assay of atropine, lobeline, and 
harmine. Preliminary experiments with various 
types of amines confirmed the superiority of 
p-toluenesulfonic acid to other acids, A 0.05-M 
solution of the acid in chloroform gave better 
results than a less concentrated solution. With 
bromphenol blue as the indicator, the color change 
was not sharp in many cases. Quinine was found 
to titrate as a monoacidic base in the presence of 
bromphenol blue and as a diacidic base in the 
presence of methyl yellow. Tribenzylamine was 
not available for standardization of the acid, and 
codeine recrystallized from alcohol and dried to 
constant weight at 100° C proved a satisfactory 
substitute. The results were much better when 
chloroform was used as the solvent than when the 
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titrations were performed in aqueous or alcoholic 
media. 

Trautner and coworkers have made further ap- 
plications of Vorlinder’s aminometric titration to 
the analysis of pharmaceutical preparations and 
plant materials for their alkaloid content, follow- 
ing the modifications introduced by Dietzel and 
Paul [86, 87]. p-Toluenesulfonic acid suitable for 
the analyses is obtained by dehydrating the puri- 
fied monohydrate. This is accomplished by 
heating the monohydrate at 10-mm pressure and 
under a current of air dried with phosphorus 
pentoxide for 1 hour to 120° C. The product is a 
grayish crystalline mass that melts at 105° C, is 
not very hygroscopic, and can be kept in a well- 
stoppered bottle [86]. Nicotine, which is slightly 
more than monoacidic toward p-toluenesulfonic 
acid, reacts as a diacidic base with picric acid. 
Precipitation of the monopicrate is prevented by 
warming the solution to about 40° C [87]. 

In nearly all of the experiments cited, the indi- 
cator used was methyl yellow. Methyl yellow is 
probably a stronger base than some of the bases 
titrated, and this may account for the fact that 
in a number of cases less acid was consumed than 
that equivalent to the known content of base. 
The weaker base, benzeneazodiphenylamine, dis- 
solves readily in inert solvents and changes color 
upon the addition of sulfonic acids. 
place of methyl yellow might yield more accurate 
results in titrations of some of the weaker organic 
There are probably still other indicator 
dyes, commercially available or readily synthe- 
sized, which would extend the usefulness of the 
method. The role of phenol in sharpening the 
methyl vellow endpoint is not explained and de- 
p-Toluenesulfonie acid ap- 
pears to be the most satisfactory reference acid 


Its use in 


bases. 


serves investigation. 


for most purposes, but at the present time it is 
necessary for each worker to purify and dehydrate 
the commercial product. A wider recognition of 
the feasibility of such titrations and commercial 
availability of anhydrous strong acids and suit- 
able indicators should lead to other analytical 
applications. 

Titrations of weak organic acids in miatures of 
About 35 
years ago, Folin and coworkers directed attention 
to the successful titration of weak acids, such as 
benzoic and stearic acids, dissolved in benzene, 
toluene, chloroform, or carbon tetrachloride, with 


absolute alcohols with aprotic solvents. 
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sodium ethylate or amylate in the correspond 
absolute alcohol as the and any one 
indicators, preferably phenolpht hale; 
Although the conductivities of their solutions wo 
found to be extremely low, the reactions wy 
instantaneous and the behavior of the indicas, 
essentially the same as in aqueous solutions [8s , 
90]. This work did not receive wide attention, as 
antedated the Brénsted-Lowry and Lewis theors 
and the results reported violated the theory th 
current, that dissociation into ions is & prerequisit 
in chemical reactions. 

The Folin method is excellent for determinatiy 
of the acid content of impure solvents, such , 
ligroin and turpentines, except in the case , 
very old turpentines in which extremely wea! 
acids, possibly peroxides, show a buffering effe: 
upon the endpoint [91]. This might be overcom 
by the use of an indicator of higher acidity th 
phenolphthalein. Bromphthalein magenta can! 
used in the titration of relatively strong « 
such as trichloroacetic acid, but is too strong , 


base, 


several 


acid to be used in the titration of acetic and bey 
zoic acids. Dicyclohexylguanidine, 0.1 

absolute ethyl alcohol, is a convenient substitu: 
for sodium ethylate and gives exact results in th 
titration of trichloroacetic acid, picric acid, © 
benzoic acid in benzene, with a-naphtholbenzein a 
indicator but not with phenolphthalein. Brom. 
phthalein magenta is slightly superior to a-nap! 
tholbenzein in the titration of picric acid [91| 

The Folin procedure was adapted by Lavi 
and Toennies to the differential titration of ace! 
and perchloric acids in acetonitrile, with methy 
alcoholic sodium methylate as the base. Thym 
blue was used as the indicator, changing from pin 
to yellow when the perchloric acid was neutr- 
ized, and from vellow to blue at the acetic » 
endpoint [92]. 

Titrations in aprotic solvents with bromphthal: 
As shown earlier in th 
paper, 1,3-diphenyl-, di-o-tolyl- and dicyclohexy: 
guanidine appear to be stronger bases in benz 
than any of the aliphatic amines, with increasil: 
strength in the order named. Dicyclohexylguat 
dine is too difficultly soluble in benzene for pr 
tical use, although it produces a color change ! 
only with bromphthalein magenta but with ' 
weaker acid, a-naphtholbenzein. Di-o-tolyl- a 
diphenylguanidine react readily with bromph thal 
magenta but not with a-naphtholbenze:n. 


magenta as indicator. 
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hthalein magenta is a relatively strong 
+ cannot be used in the titration of acids as 
As pointed 


) 


as benzoic and acetic acids. 


\ 

’ arlier in the discussion, there is need for a 
trong guanidine derivative or other organic base 
hat is readily soluble in benzene. Dicyclohexyl- 
ryanidine is fairly soluble in chloroform but reacts 
vith the solvent, particularly upon warming. 


lhis reaction is not sufficiently rapid at room 
emperature to prevent excellent titrations with 
wetic acid, o-chlorophenoxyacetic acid, and picric 
wid, with a-naphtholbenzein as the indicator [91]. 

A series of experimental titrations with benzene 
is solvent and a 0.1-percent solution of brom- 
hthalein magenta in benzene as the indicator is 
ummarized in table 8. The total volume was 
:pproximately 30 ml, and the volume of acid or 
base was less than 10 ml in all cases and as little 
is | to 2 ml in some instances. Moreover, in three 
laste 8.—Acid-base titrations in benzene with bromphthal- 

ein magenta as indicator 


Acid Molarity found 


Reference base for acid 
Diphenylguanidine,| d-Camphorsulfonic acid (Rey- | 0.00527, 0.00529, 
100 M.* chler), approximately 0.005 0.00528. 
M 
Reference acid Base mee Anya 
Camphorsulfonic Impure dicyclohexylguani- | 0.00238, 0.00237 
W528 Mt dine, approximately 0.0025 
M 
vacetie acid, | Di-e-tolylguanidine, approxi- | 0.0484, 0.0484, 
li) M_e mately 0.05 M 0.0487, 
I wid 0.0100 M* Di-o-tolyiguanidine, approxi- | 0.00970, 0.00972, 
mately 0.01 M.4 0.00972 
proace Lic icid, | Triethylamine, approximately | '0.0942, 0.0044 
Af 0.1 M.« 
etic cid, rriethylamine, approximately | 0.00935, 0.00035, 
i M.« 0.01 M.» 0.00936. 
! icid, 0.0100 M-« do & 0.00962, 0.00062, 
0.00960, 0.009062 
ceri icid, | Piperidine, approximately 10.0957, 0.0953, 
Me 0.1 M.« 
I i, 0.100 Ms doe 1 0.0982, 0.0990, 
0.0977. 
lid was assumed to be 100 percent pure. 


lardized against diphenylguanidine in benzene 


lardized against sodium ethylate in absolute ethy! alcoho! with 
thalein as indicator; the sodium ethylate was standardized against 
cid with the same indicator. 

1 from the approximately 0.05-M solution 

1 be 0.100 M if no impurities were present 
id formed during the titration. Methyl] yellow did not give a sharp 


ed from the 0.106-M solution 
{ from the approximately 0.1-M solution 


hegan to precipitate out 


'-Base Reactions in Organic Solvents 


of the titrations the concentrations of the acid and 
the base differed by a factor of two. The end- 
points were very sharp, vivid, and reproducible 
except in the titration of piperidine with trichlo- 
roacetic acid, the formation of a cloud 
caused slightly lower precision. 

From inspection of the table it can be noted that 
trichloroacetic acid and picric acid, used at differ- 


where 


ent concentrations, gave the same value in the 
titration of ditolylguanidine. With triethylamine 
or piperidine as the base, trichloroacetic acid gave 
lower values than picric acid. From the stand- 
point of reproducibility and vividness of the color 
change, the results are very satisfactory. 

Diphenylguanidine was used by Kilpatrick for 
the quantitative estimation of the very strong 
acid, perchloric acid, in acetonitrile, with methyl 
yellow, benzoyl auramine, or thymol blue as the 
indicator, but an organic base sufficiently strong 
for the estimation of acetic acid in this solvent 
was lacking [45]. It should be possible, after 
further investigations, to obtain strong acids and 
bases and a series of indicators that will permit 
the quantitative titration of weak bases and weak 
acids in the various aprotic solvents. 


V. Summary. Applications of Brom- 
phthalein Magenta 


The differentiating reaction of bromphthalein 
magenta with various classes of organic bases in 
inert solvents, and its uses for quantitative com- 
parisons of basic strengths and for certain acid- 
base titrations were An ad- 
ditional application is in the measurement of the 
relative strengths of organic acids in inert solvents. 


described above. 


Studies are in progress in this laboratory in which 
the strength of an acid is measured by the extent 
of its competition with bromphthalein magenta 
for a reference base, such as di-o-tolylguanidine. 
Preliminary measurements have been made for 
more than 30 acids, that include acetic and benzoic 
acids as well as a number of their more highly 
acidic derivatives. of are in- 
soluble to be studied in aqueous solutions [91]. 
Other applications of the indicator to specific 
analytical problems will doubtless occur to some 
readers. The and interpretations 
given in this paper of the behavior of the indicator 
acid in different environments will serve as a guide 
As indicated 


Some these too 


description 


in selecting the proper conditions. 
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in section IV-9, qualitative tests can be made 
with salts as well as with the corresponding bases. 

The experimental data of the authors and the 
investigations of other workers that have been 
reviewed in this report point to promising lines 
of work in the practical and theoretical study of 
acid-base reactions. 


The authors express their indebtedness to S. 
F. Acree, former chief of section V—10, pH Stand- 
ards, for suggesting the development of new in- 
dicators for the measurement of acidity and basi- 
city in organic solvents, for his interest in the 
progress of the work, and for his assistance in the 
designing of various absorption cells used in the 
spectrophotometric measurements. Grateful ac- 
knowledgment is also made to Kenneth D. 
Fleischer for the chemical analyses, to Wilbur W. 
Brannon and Fred H. Engler for construction of 
the stoppered endplates and other portions of the 
absorption cells, to Mary Ellen Lovelace for 
assistance in part of the synthetic work, and to the 
commercial organizations listed in section III of 
this report for their contributions of bases and 
solvents used in the investigations. 
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/ Observations on the Control of Grain Size 


eee 


in Magnesium Casting Alloys 


By Vernon C. F. Holm and Alexander I. Krynitsky 


The methods investigated for the control of grain size in magnesium casting alloys were 


eee? 


(1) stirring of carbonaceous solids into the molten alloy, (2) bubbling of carbon monoxide 
through the melt, (3) melting in a silicon carbide crucible, and (4) treatment with lump 


magnesite. In the last method, the magnesite was placed deep in the molten metal, where it 


dissociated thermally, generating a carbonaceous gas that bubbled through the melt. The 


grain size and tensile properties were determined on specimens from each melt, and these were 


compared with data from melts that had been superheated as well as those that had received 


no special treatment. 


The results indicate that magnesium alloys that have been properly 


treated with carbonaceous materials possessed grain-size and tensile properties equivalent to 


those obtained in superheated metal. 


The magnesite method is a simple, inexpensive, and 


convenient means of developing a fine-grained structure in magnesium casting alloys. 


I. Introduction 


It is well known that castings of magnesium 
mlloys tend to have a coarse-grained structure un- 
ess suitable steps are taken to insure the develop- 
The usual method for pro- 
lucing fine-grained structure has been to super- 
heat the molten metal, a procedure initially 
leseribed in 1931 in a British patent [1]. Super- 
wating, in general, consists in heating a molten 
magnesium alloy to 250° or 300° C above the 
liquidus, and after holding it there for a required 
speriod, cooling it to the desired temperature and 
pouring without delay. In recent years, with 
the increasing interest in magnesium casting 
alloys, other procedures have been proposed to 
accomplish this end and thereby avoid some of the 
disadvantages of superheating. Most of these 
uvolve treatment of the molten metal with carbon 
ra carbon compound. Natural gas [2, 4], acet- 


ment of fine grains. 


vlene [2, 4], carbon monoxide [5], carbon di- 
val ‘ - . . . . 

oxide (2. 5, 6], and a combination of chlorine and 

carbon tetrachloride [2, 3] have been recom- 


mended for bubbling through the molten metal. 
Mechanical agitation [4] alone and with additions 
4 finely divided solid carbonaceous matter [6] 


- ——— 


in brackets indicate the literature references at the end of this 


; 
aG 
- 


Size in Magnesium Casting Alloys 


like coal, peat, graphite, coke, etc., has also been 
proposed. A process involving noncarbonaceous 
materials is the German “Elfinal’’ [7] treatment 
of the molten magnesium with anhydrous ferric 
chloride. 

Although numerous workers have investigated 
the problem of developing a fine-grained structure 
in magnesium castings, and many procedures have 
been recommended for the control of grain size, 
knowledge of the actual mechanism involved is far 
from complete. The fact that superheating and 
carbon treatments produce similar results and that 
both are effective only if aluminum is present have 
suggested that a compound containing aluminum 
or aluminum and carbon may be essential. Ac- 
tually, aluminum carbide has been used for con- 
trolling grain size [2]. It appears probable that 
during the treatment some slightly soluble sub- 
stance is absorbed, and precipitates as very fine 
particles throughout the melt in the early stages 
of solidification, to form the necessary nuclei. 
However, the identity of this substance has not 
been established. 

During the course of an investigation at the 
National Bureau of Standards of the influence of 
melting and casting conditions on the properties 
of magnesium castings, a procedure for grain-size 
contfol was devised that appears promising be- 
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cause of its simplicity. The procedure consists in 
treating the molten alloy with magnesite in lump 
form. In this paper a comparison is made of the 
results obtained when magnesium-alloy melts are 
superheated, treated with solid carbonaceous ma- 
terials, with carbon monoxide, or with lump 
magnesite. 


II. Equipment and Procedure 


Most of the melts were made in a high-frequency 
induction furnace (960 cycles). The crucibles 
were of cast steel, 13 in. high and 10% in. in outside 
diameter, with a wall thickness of ¥ in. The use 
of steel crucibles diminished the usual “coning up”’ 
of the molten charge in the high-frequency furnace 
and permitted the maintenance of an adequate 
flux cover on the melt. For comparison, a few 
melts were made in a gas-fired furnace with a 
steel crucible, and one special heat was made in a 
silicon carbide crucible in the high-frequency 
furnace. 

Temperature measurements were made with an 
18-gage Chromel-Alumel thermocouple, encased 
in a closed-end steel tube with an outside diam- 
eter of % in. and a wall thickness of 0.025 in. 
The melting procedure was as follows: 

A small quantity of flux* was placed in the cold 
crucible, the metal charge was introduced, and 
additional flux was added as required during the 
melting. At approximately 730° C, the molten 
metal was stirred and the surface dross was 
removed. In the superheating treatment flux was 
added, and the temperature was raised to 900° C. 
This temperature was maintained for 15 minutes, 
after which the crucible was removed from the 
furnace and cooled to the pouring temperature 
(760° C). 

In the other treatments, the additions were made 
in the range from 730° to 750° C, and flux was 
added when necessary to avoid excessive oxidation. 
The temperature was than increased to between 
760° and 800° C, after which the melt was cooled 
to the pouring temperature. All castings were 
poured at 760° C, and during this operation the 
stream of metal was protected by the use of a 
dusting flux consisting of powdered boric acid and 
sulfur. 


2A commercial produce known as D-310 of the following composition 
MegCh, 50%; KCI, 20%; CaF2, 15%; MgO, 15%. 


The castings were made in green sand molds 
prepared from a sand formula suggested by Eas. 
wood [8]. The mixture was as follows: 

Percent 
Washed silica sand (AFA fineness #80)_ 9) 
Western bentonite___ 
EE ae eee a 3 
Powdered boric acid__-__ 
Ethylene glycol ____. 


After thorough mixing, tempering with 2.5 pe. 


cent of water, and mulling, this sand had ¢) 
following average properties: 


0 ee ee ee S4 
i EE AO TTT 67 
Green compression strength .________ 8.8 Ibi 


The mold surfaces were generally dusted lightly 
with powdered sulfur before the molds wer 
closed. 

The castings used for grain-size evaluation and 
for measurement of the tensile properties wer 
tensile test bars of two types. The first were '- 
in.-diameter cylindrical bars that were subsequent- 
ly machined into standard 0.505-in.-diameter 
tensile test bars. Bars of the second type wer 
cast to this shape and dimension and were tested 
without machining. 

Grain-size determinations were made on 4 
transverse section of a test bar from each heat. 
To outline the primary crystals, the specimens wer 
held at 385° C for 1 hour, cooled in an air blast, 
and etched with acetic picral etchant. Tests 
showed that the slight difference in diameter of 
the two types of test bars as cast did not affect 
the grain size appreciably. 

The estimation of grain size was accomplished 
by comparing the microstructure at 100 magnifica- 
tions with a chart [9] of structures with different 
average grain diameters. In the extremely coarse 
structures the approximate grain size was meas 
ured under low-power magnification. 

The tests were performed on ASTM Alloy No. 
4, a magnesium alloy widely used for generd- 
purpose sand-casting. The nominal compositio! 
of this alloy is as follows: Aluminum, 6 percent; 
zinc, 3 percent; manganese, 0.2 percent; balance, 
magnesium. 


3100 ml of a freshly prepared solution of saturated picric acid in %5 perce’ 
alcohol, to which is added 10 m! of glacial acetic acid. 
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III. Results 


1. Treatments for Grain-Size Control 


lwo melts were made to illustrate the coarse 
erain developed in the absence of any special 
Bireatment. In these runs, the 25-lb melts were 
Bctirred, skimmed, and heated to about 785° C, 
Feooled to 760° C, and poured. When the melt was 
made in the high-frequency induction furnace 
: (melt 1, table 1) the cast test bars had an average 
grain size of 0.05 in., Whereas in a duplicate melt 
(2) made in a gas-fired furnace, the average grain 
was 0.02 in. in diameter. It is possible that the 
finer grain of the latter may have been caused by 
Habsorption of carbonaceous gas from the furnace. 
However, the ultimate tensile strengths, 20,900 
and 23,100 Ib/in.’, both characteristic of 
coarse-grained castings. 
The effect of superheating to 900° C is shown in 
the results of melts 3, 4, and 5 recorded in table 1. 
Superheating produced a uniformly fine grain of 
0.004 and 0.005-in. in diameter, regardless of 
whether the melt was made in the gas or induction 
furnace or whether the charge consisted of virgin 


a 


are 


or remelted metal. The results of the tensile 
tests illustrate the tendency toward somewhat 
higher values on cast-to-size bars over those that 
were machined. The ultimate tensile strengths for 
the machined bars from melts 3, 4, and 5 were 
nearly all in the range 26,000 to 27,000 Ib/in.’, 
whereas the values for the cast-to-size bars of melt 
5 were approximately 3,000 lb/in.? higher. The 
higher values obtained on the cast-to-size bars 
are probably due to the presence of a fine-grained 
surface layer or skin that is removed in the 
preparation of the machined specimens. 

A study of the effectiveness of carbonaceous 
additions to the metal was made in melts 6 to 10. 
The additions were made at 730° to 750° C. 
after which the melts were heated to 800° C and 
then cooled to the pouring temperature, as recom- 
mended by Mahoney, Tarr, and LeGrand [6]. 
The additions of from 0.2 to 0.8 percent of graphite 
to the melt were stirred in vigorously for 3 minutes. 
Small additions of flux were necessary to avoid 
burning in this operation. Neither the granular 
graphite (10 to 20 mesh) nor the powdered graphite 
(finer than 100 mesh) had the desired effect on the 
grain size of castings from melts 6 and 7 (average 


; 


Taste 1.—Effect of various treatments of the molten metal on the grain size of the magnesium casting alloy, ASTM No. 4 
G i si B U i e > 
oo rreatment (average Type of tensile bar aale ——- Remarks 
, diameter) strength 
in. lb.jin Percent 
1 | None 0.0% | Machined 20, 900 3h, 
2 do . 020 do... 23, 100 | 4 | Gas furnace. 
| 
| 
3 | Superheated . 005 do 26, 500 5 
4 ..do 004 do 27. 600 | 5 Gas furnace. 
5 do . 005 do 26, 300 4)6| Charge of remelt metal. 
5 do 005 | Cast-to-size 30, 100 6 
| 
i 6 | Granular graphite .030 | Machined 21, 800 | 3 
7 | Powdered graphite . 030 
} 8 | Granular graphite 014 | Machined os 23, 900 4 | Gas furnace. 
3 9 | Silicon carbide crucible . 006 Coarse grain, remelt metal. 
i 10 | Carbon monoxide .005 | Machined .... , 27, 800 5! 
f 1! | Magnesite 005 Fn Re 25, 000 3 
12 do 005 | do 24, 900 3 
13 do 005 ...do 27, 100 3! 
4 do .005 |._.. do 26, 100 | Bly 
: 15 do . 006 do 23, 900 $ 
' lf do 005 | do 26, 300 3'4 Coarse grain, remelt metal. 
17 do 004 | Cast-to-size 29, 800 | 6 Miscellaneous remelt metal. 
& do . 004 do | 30,600 fly Do. 
19 lo 006 do 29, 000 5, Do, 
3 do . 005 | do 27, 900 5 Do. 
j 21 do . 005 | do 29, 000 5h, Do. 
2 do 005 do | 30, 200 | 69 Do. 
| | | 
=} None . 040 do | ..| Remelt of castings from melt 3. 
24 do 025 do Remelt of castings from melt 10. 
do . 070 do 23, 000 4 Remelt of castings from melt 22. 
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diameter, 0.030 in.). In contrast to these melts 
made in the induction furnace, the addition of 
granular graphite to melt 8 in a gas-fired furnace, 
produced a smaller grain size (0.014 in.). This 
again may be an effect of furnace atmosphere as 
suggested previously for melt 2. It is believed 
that the relatively large grain size of the castings 
from melts 6, 7, and 8 was caused by inadequate 
contact between the molten alloy and the graphite 
particles, a condition that might be aggravated 
by the presence of liquid flux during the treatment. 

Another procedure that has been suggested for 
obtaining better contact between the molten mag- 
nesium alloy and a carbon compound consists in 
making the melt in a silicon carbide crucible, 
This was tried in melt 9, and the resulting castings 
indicated a grain size of 0.006 in. This proce- 
dure might be promising, except that the flux 
tends to penetrate and weaken the walls of the 
crucible. 

The effectiveness of carbon monoxide treatment 
was demonstrated in melt 10, in which the gas was 
bubbled through the molten metal for 5 minutes 
at about 750°C. This treatment produced a grain 
size of 0.005 in., and the tensile properties were 
equal to those obtained from superheated metal. 
These results are in agreement with those obtained 
by Nelson and Holdeman [5]. Apparently some of 
the carbon monoxide is reduced by the hot mag- 
nesium to form nascent carbon, the distribution of 
which throughout the melt is aided by the agitation 
produced by the gas bubbles. Carbon dioxide 
has been shown [2, 5, 6] to be effective in the same 
manner. This gas can be generated by placing 
lumps of magnesite in the melt, thus eliminating 
the need for any special apparatus for the gas 
treatment. 

The use of magnesite as a source of carbon for 
controlling grain size in magnesium castings was 
reported by Mahoney, Tarr, and LeGrand [6], 
who apparently used it in the same manner as other 
carbonaceous materials, that is, by stirring the 
powder into the melt. Natural lump magnesite, 
which has a specific gravity between 2.8 and 3.1, 
decomposes in the range 200° to 750° C [10] and 
evolves carbon dioxide. 

In order to evaluate the usefulness of lump 
magnesite for the control of grain size, white 


California magnesite was used in a series of ¢y. 
periments. The regular melting practice wy 
followed using a steel crucible in the high-fp. 
quency furnace. 

The results for grain-size control through ¢) 
use of magnesite are illustrated in melts 11 to » 
In melt 11, approximately 75 g of magnesite, po 
size and smaller, was added, but these sma! 
pieces remained on the top surface of the me 
without the desired action. When a lump abou 
1 in. in diameter was added it sank into the me 
at once and evolved carbon dioxide, whic 
bubbled up to the surface. A thin flux cover was 
applied, and the decomposition of the magnesir 
continued for several minutes. The castings wer 
poured at the usual temperature. Subsequen: 
tests indicated an average grain size of 0.005 in 
and tensile properties equivalent to those ob. 
tained by superheating 

Additional experiments showed that in som 
instances the gas evolution tended to float th 
magnesite, thus limiting the effectiveness of t)y 
gassing. This problem was solved by placing tly 
magnesite, generally pieces about % in. in diameter, 
in a perforated sheet-iron container that could be 
held at the bottom of the crucible. Fifty grams 
of magnesite was sufficient for the control of grain 
size in melts ranging from 18 lb. to the capacity o! 
the crucible, 45 lb., and was equivalent to 0.25 w 
0.60 percent of the weight of the charge.  Treat- 
ment with less than 25 g of magnesite was i- 
adequate even for a small charge. The procedur 
ultimately adopted was to stir and skim the melt 
at 730° C, and immerse the magnesite for j 
minutes with flux additions as required. Thy 
temperature then was raised to 760° C, and tly 
metal was poured. 

These experiments indicate that the use « 
lump magnesite does not introduce large inclusiows 
into the melt, because the decomposition of th 
magnesite occurs with little change in physic 
form, and the resulting magnesia is retained in t! 
perforated metal container. Microscopic examin 
tion (at 100) of the sections used for grain sv 
evaluation showed no evidence of magnesia 
clusions. 

Melts 11 to 15 were made with new ingot meta! 
16, was a remelt of coarse-grained metal, wheres 
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stock of both coarse and fine grain was 
d for heats 17 to 22. Satisfactory fine grain 
‘tained in all cases, and the physical proper- 
the castings as indicated by tensile tests, 


equal to those of superheated metal. 


2. Effect of Remelting Fine-grained Castings 


Fine-grained magnesium alloys do not always 
‘tain a fine structure after remelting. Mahoney, 
arr, and LeGrand [6] pointed out that the need 
w further grain-size control upon remelting was 
ot as great with metal previously treated with 
arbon as with superheated ingot or 
‘astwood, Davis, and DeHaven [3] state that in 
heir recommended procedure of passing a mixture 
f carbon tetrachloride and chlorine through the 


scrap. 


Bolten alloy, the tendency of the original melt to 


rm fine grains is retained when the castings are 
emelted. Furthermore, they report that if an 
lloy is made from 25 percent or more of previously 
reated metal, the castings will have a fine grain. 
A few experiments were included to ascertain 
he degree to which fine-grain characteristics were 
etained upon remelting. In melt 23 the charge 
onsisted of metal from melt 3, which possessed 
hn average grain size of 0.005 in., obtained by 
uperheating. When the metal was melted, heated 
0 760° C, and poured without any special treat- 
nent, the resulting grain size in the test casting 
vas about 0.040 in., indicating complete loss of 
buy tendency toward fine grain. Melt 24 was a 
imilar remelt of metal from melt 10, which had 
wen treated with carbon monoxide and which 
ad a grain size of 0.005 in. After remelting and 
ecasting, a grain size of 0.025 in. was obtained. 
The fine-grained castings from melt 22, which 
iad been treated with magnesite, were remelted 
Castings from this melt had an ex- 
remely coarse grain (0.070 in.). Thus, in each 
ustance the tendency toward fine grain was lost 
ipon remelting, regardless of the method by which 
ine grains were produced in the original melt. 


n melt 25. 


IV. Discussion of Results 


The results verify previous reports on the effec- 
iveness of using gaseous carbon compounds for 
he control of grain size in magnesium alloy cast- 
However, treatment with graphite, whether 


Ings 
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granular or powdered, did not produce the 
desired fine grain in test castings. The poor 


showing of this method was undoubtedly due to 
the difficulty of obtaining a satisfactory contact 
between the graphite and the molten alloy. The 
vigorous stirring required during the carbon addi- 
tion favors oxidation of the metal, and flux addi- 
tions to control the oxidation appear to limit the 
action of the carbon. When 
compounds are bubbled through molten metal it is 
thoroughly stirred, and the reducing action of the 
carbon in a 


gaseous carbon 


magnesium apparently produces 
form that can be readily absorbed by the alloy. 
The treatment with lump magnesite eliminates 
the need for the equipment required to bubble gas 
through a melt and gives the same action and 
The 
magnesite is inexpensive, can be stored conveni- 
These advantages sug- 


effect as when a gassing treatment is used. 


ently, and is simple to use. 
gest applications of the method particularly in 
foundries that operate on a small scale or do not 
work continuously with magnesium, and where it 
is desired to obtain fine-grained castings without 
resorting to superheating or to more elaborate 
equipment for grain-size control. 

The tensile properties of castings produced by 
the various treatments for grain-size control, 
shown in table 1, demonstrate the advantage of 
fine grain, no matter how it is obtained. The 
highest ultimate tensile strengths were obtained 
from castings having a grain size of the order of 


0.005 in. 
The results obtained in remelting fine-grained 


castings produced from metal that had been 
superheated, treated with carbon monoxide or 
with magnesite, indicate that with the technics 
used in this investigation, the fine-grain character- 
istics of a magnesium casting are lost when the 
metal is remelted. The difference between the 
results for carbon monoxide or magnesite treat- 
ments and for those reported elsewhere for carbon 
tetrachloride—chlorine-treated alloys, is difficult 
to explain, in view of the fact that the control 
of grain size in each case has been attributed to 
the effect of carbon. 


The authors gratefully acknowledge the assist- 
ance of R. H. Harwell and W. P. Saunders in the 
experimental work of this investigation. 
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Acceptance Sampling by Variables, With Special 
Reference to the Case in Which Quality Is Measured 
by Average or Dispersion’ 


By John H. Curtiss 


ee ee eee 


I. Introduction 


Acceptance sampling is one of the most interest- 
Sng and useful applications of modern mathemati- 
‘al statistics. Involving as it does the principles 
if experimental design and of the testing of sta- 
istical hypotheses, it furnishes a proving ground 
for these theories in which the validity of the 
basic assumptions is often more readily verifiable, 
and the correctness of the inference often more 
rapidly ascertainable, than in many of the standard 
biometric and sociometric applications. 
This paper will be devoted to a presentation of 
he theory and practice of certain types of sampling 
plans which are based on statistical tests of hy- 
Such a plan is intended to act as a 
ieve for separating unsatisfactory material from 
acceptable product, to be used with the under- 
pstanding that there is no guarantee that an occa- 
fsional poor lot will not accidentally pass through 
The distinction between this type of 
acceptance plan and certain other popular types 
is made in the earlier sections of the paper, and 
the basic concepts of the statistical theory are 
then discussed in considerable detail. The later 
sections are devoted to the details of the applica- 
tion of the basic principles to the derivation of 
explicit formulas for sample size and acceptance 
numbers. These derivations are given because 
there seems to be no collection of these derivations 
and of the formulas themselves readily available 


potheses. 


the sieve. 


in the literature. 
A ted address delivered toa joint session of the American Statistical 
\ n and the Institute of Mathematical Statistics in Cleveland, Ohio, 


Or v.27, 1946. 


Acceptance Sampling by Variables 


This paper is devoted to a presentation of the theory and practice of certain types of 
acceptance sampling plan based on the statistical tests of hypotheses. 
of the statistical theory are discussed in detail, and are then applied to obtain a number of 
specific formulas for the single sampling case. 


The basic concepts 


II. What Is Acceptance Sampling? 


Because statisticians who are not primarily in- 
terested in the engineering applications may wish 
to follow the discussion for a while, it might be 
well to start by explaining from the very begin- 
ning what acceptance sampling is all about. 

Acceptance sampling is a branch of the science 
of engineering statistics, or industrial statistics, or 
statistical quality control; that is, the science of 
dealing with the variability encountered in data 
arising from engineering experiments and indus- 
trial processes. Consider a stream of nominally 
identical items produced by an industrial process. 
The items are supposed to be all exactly alike, but 
of course they never really are. Perhaps the most 
fundamental and natural way to study their varia- 
bility is to express the several quality characteris- 
tics of each item in terms of a like number of 
variables which assume numerical values, and then 
to investigate the properties of the joint frequency 
distribution of these variables as built up for an 
aggregate of the items. 

One obvious way to perform the investigation 
consists in actually setting up the frequency dis- 
tribution in complete detail by making a 100- 
percent inspection of the items in the aggregate. 
But for most purposes a much better way to con- 
duct the investigation is to inspect only a portion 
of the aggregate, and from the data so obtained, 
make estimates and draw inferences concerning 
the nature of the frequency distribution of the ag- 
gregate. When the portion, or sample, is properly 
chosen, and the methods of inference properly 
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founded on sound theory, an exact balance can 
often be achieved between economy in cost of in- 
spection and the needed accuracy of conclusions. 

As the name implies, acceptance sampling is a 
special kind of sampling investigation of an aggre- 
gate in which the sample data are used not only 
to study the distribution of quality characteristics 
of the aggregate, but also to provide a criterion as 
to whether the aggregate should be accepted or 
rejected by a purchaser or consumer. 

There are two basic types of acceptance sam- 
pling plans. In one type, the entire interest is 
centered on inferences drawn from the sample 
relating to the frequency distribution of the aggre- 
gate, and rejection or acceptance is specified in 
accordance with whether or not the inferences so 
drawn deny or affirm that the frequency distribu- 
tion of the aggregate meets certain prestated re- 
quirements. This will hereinafter be called the 
inferential type of acceptance sampling plan. The 
other type of acceptance sampling plan is based 
on the assumption that a rejected aggregate will 
always be subjected to corrective action (such as 
100-percent inspection) which will surely remove 
all, or a known fraction, of the deficiencies which 
caused rejection. The plan is then set up so that 
after the entire inspection process the distribution 
of the quality-defining variables in the final out- 
going sequence of aggregates will meet certain 
prestated requirements. Since the requirements 
generally pertain to the mean values of the vari- 
ables in the outgoing sequence of aggregates, this 
sort of plan might appropriately be termed an 
average outgoing quality type of acceptance sam- 
pling plan. Such plans were invented by Dodge 
and Romig [1].’ 

When there are only a few admissible values of 
a given quality-defining variable (and the case 
most frequently encountered is that in which there 
are only two values, conveniently taken to be 0 
and 1, corresponding to whether or not the item 
meets a specified standard), or when the sampling 
acceptance-rejection requirements are based on 
the observed proportion of the total number of 
sample measurements which fall into a few (say 
2 or 3) intervals in the range of a quality defining 
variable, the associated sampling inspection proc- 
ess is termed acceptance sampling “by attributes.”’ 
More general cases are grouped together under the 


2 Figures in brackets indicate the literature references at the end of this 
paper. 
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generic title of acceptance sampling “by vari» bles 

Theoretically, the distinction between “attrilutes 
and ‘“‘variables” is quite artificial and the boun. 
ary is indefinite; ‘‘attributes” sampling is rea|) 
just a highly developed special case of “variables 
sampling. 

The average outgoing quality type of acceptan 
sampling plan has been developed only for sam. 
pling by attributes and only in the case in whic 
100-percent inspection (not partial inspection 
rejected lots is specified. The average outgoiny 
quality theory for more general cases, and } 
particular for the case in which a rejected lot js 
only partially inspected, apparently has not ye 
been studied in any detail. This paper will |, 
devoted henceforth entirely to the inferential type 
of acceptance sampling plan, and the average out- 
going quality type will not be mentioned again 


Ill. An Example 


To illustrate how inferential acceptance san- 
pling plans are set up and used, a simple practica! 
example based on a wartime procurement problem 
will now be presented. For expository purpeses 
and for consideration of commercial confidence 
the example has been considerably simplified and 
the actual dimensions have been altered. 

During the war, a small metal cylinder fo 
dispensing insecticide in the form of an aerosol was 
manufactured in large quantities for the U. 5 
Navy. The cylinders were manufactured by one 
set of contractors and filled by another set o/ 
contractors. It was necessary to control tly 
volumetric capacity of the cylinder rather carefully, 
because the filling process used by some of tly 
filling contractors was not automatically adjustabl 
to the size of the individual cylinder. Overtils 
presented a hazard of explosions when the cylinders 
were stored in the sun. 

A preliminary survey revealed that the fr- 
quency distribution of volumetric capacities 0! 
cylinders produced by each manufacturer whe! 
the manufacturer was aiming at one given nominal 
capacity, would be of the type illustrated 
idealized form in figure 1. The preliminary surve! 
consisted of determining the frequency distrib 
tion of a random sample of 1,800 cylinders selecte« 
from the first 100,000 produced by each manulac- 
turer. The standard deviation of this observed 
frequency distribution in each case was about 2 
cc. A normal (or Gaussian) theoretical distrib 
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Fiaure 1, 


tion gave a satisfactory fit to the data; it is the 
frequency curve of this distribution which actually 
appears in figure 1. 

The variability in successive determinations of 
capacity was probably due in no small part to 
testing error The chief manufacturing variable 
affecting volume was in the brazing operation by 
which the two halves of the cylinder were sealed 
together. Certain of the manufacturers were 
known to be experimenting with the nominal size 
of their cylinders, but it was believed that such 
changes would probably affect oniy the mean of 
the distribution of volumetric capacities, and not 
the standard deviation. 

It seemed probable therefore that the proper 
control over volumetric capacity could be achieved 
by first formulating suitable restrictions on the 
size and pedigree of an aggregate or “lot” of 
cylinders so that it would have a distribution of 
the form shown in figure 1, and then imposing re- 
quirements on the arithmetic mean of this distri- 
bution which were enforced by an acceptance 
sampling plan. 

The appropriate definition of lot will not be 
detailed here; this is purely an engineering matter. 
lt was decided from the chemical and engineering 
involved, that if the arithmetic 
mean of the distribution of volumetric capacities 
in a lot were to be reduced to less than 530.5 ce, 


considerations 


the lot (in effect here, the process) * should almost 
surely be rejected, and if the lot mean remained 


uld be noted that the population which is under study in any accept - 

pling plan for a given quality defining variable is the population of 
t/ues of the variable as determined by some test or inspection pro- 
hus the variance of the population is made up of two components 

to the nonuniformity in the material and one due to lack of precision 


n XII, 


Acceptance Sampling by Variables 


Theoretical frequency distribution of volumetric capacities of cylinders to be used for insecticide dispensers, 


above 534.0 cc, the lot should almost surely be 
accepted. 

The problem of setting up the acceptance 
sampling plan that would provide the basis for 
deciding whether or not a lot meets these require- 
ments can be solved in many different ways. The 
method which seems to be the most natural one 
from an intuitive point of view, and which indeed 
does theoretically have certain optimum properties 
(see section V below), consists in selecting a ran- 
dom sample of several cylinders from each lot, 
finding the average of the volumetric capacities 
of these cylinders, and accepting or rejecting the 
lot arbitrarily in accordance with whether or not 
this average is greater than some predetermined 
“acceptance number.” 

To determine the sample size and the value of 
the acceptance number, it is necessary to study 
the sampling distribution of the average volu- 
metric capacity of a random sample of cylinders 
taken from a population with a distribution shown 
in figure 1. It is of course well known that if 
the population has a normal distribution with 
mean uw and standard deviation o, the distribution 
of the average of a random sample of n observa- 
tions will be normal with mean » and standard 
deviation ¢/yn. The distribution of the average 
of n=4 cylinders is shown in figure 2. From 
figure 3 it will be seen that if an acceptance num- 
ber of 532.0 ce is specified, using a random sample 
of 4, the probability (or “risk’’) of accidentally 
rejecting a lot with a mean volumetric capacity 
of more than 534.0 ce would not exceed 0.023, 
and the probability of accidentally accepting a 
lot with mean volumetric capacity of less than 
530.5 ce would not exceed 0.067. 
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Ficgure 2, Probability distribution of mean of random sample of four cylinders, derived from the "theoretical disiriby. 
tion in figure 1, 


Either one of these two risks can obviously be 
decreased at the expense of increasing the other 
by merely changing the position of the acceptance 
number appropriately. By using a larger sample 
size, or by multiple or sequential sampling, it 
would be possible to reduce both of the risks 
simultaneously. The general order of magnitude 
of the risks in the sampling plan illustrated by 
figure 3 is considered to be appropriate for such 
work. 


IV. Acceptance Sampling and Statistical 
Inference 


Inferential acceptance sampling plans may be 
classified as statistical or nonstatistical, in accord- 
ance with whether or not they are based on the 
principles of statistical inference. 

In nonstatistical inferential plans, sample items 
are purposively selected in accordance with prior 
information, and from the observations on the 
sample items a supposedly certain inference is 
made concerning the nature of the sampled aggre- 
gate. Such acceptance sampling plans will not 
be considered in this paper. They are useful and 
efficient in special cases, but their theory is a 
function of the application and does not lend 
itself readily to a general discussion. 


274 


Statistical inferential acceptance sampling plans 
are characterized by a selection of sample items 
from an aggregate in accordance with some method 
which insures that the observations on the respee- 
tive items in the sample have a joint probability 
distribution which bears some direct and calculable 
relation to the frequency distribution of th 
aggregate. Through the use of this probability 
distribution, an uncertain inference into the nature 
of the distribution of the aggregate is drawn from 
the data of a sample. The example given in 
section III was a statistical acceptance sampling 
plan. The “random” selection of the sample 
cylinders implies a unique determination of tly 
probability distribution of the sample in terms 0! 
the frequency distribution of volumetric capacitie 
in the sampled aggregate. 

The general theory of the uncertain inferences 
involved in statistical acceptance sampling plan 
may conveniently be identified with a branch 0! 
modern mathematical statistics called tests 0 
statistical hypotheses.’ A statistical hypothess 
is a statement concerning the unknown frequenc! 
~¢ Simon [2] prefers to identify the theory of statistical acceptance ps 
with the theory of estimation of population parameters. The approach 
the theory of statistical hypotheses, which was pioneered by | odge ® 
Romig [1], has the advantage that it provides a quantitative | 


rational selection of the accuracy of estimation required in a gives apt 
tion; see section VI, 
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VOLUMETRIC CAPACITY IN CC 


HYPOTHESIS HM, THE MEAN OF THE AGGREGATE LIES HERE ——— - 


~ REJECT Hg iF SAMPLE MEAN FALLS HERE 


> a 


ACCEPTANCE NUMBER 
Fiaure 3. 


listribution (or probability distribution) of a 
variate XY (which may be a vector with several 
the effect that this unknown 
requency distribution belong to a certain well- 
of admissible fre- 


omponents), to 


lefined subclass w of a class Q 


Muency distributions of Y. The hypothesis is 


ested by first drawing a sample of observations 
m the variable XY, say (Xj, Xp, 1» akg), IM 
uch a way that the probability distribution oj 
he sample can be calculated from the distribution 
f Y, and then noting just where the point defined 
v the coordinates (.Y,, Xo, NX,,) falls in 
i-dimensional Euclidean space. If this sample 
ont falls on a certain predetermined region w of 
he n-dimensional space, the hypothesis is rejected. 
‘he subset w is called the “critical region” ® for the 
est 

In the application to acceptance sampling, the 


f 
0 


eptance Sampling by Variables 


- HYPOTHESIS H, THE MEAN OF THE AGGREGATE LIES HERE ——- 


REJECT H, F SAMPLE MEAN FALLS HERE —— 


Test of hypothesis concerning the arithmetic mean of the aggregate. 


variable Y is a measure of the quality of the indi- 
vidual item, and the hypothesis to be tested is that 
the unknown frequency distribution of X in the 
sampled aggregate of items belongs to a certain 
subclass of distributions which is identified with 
definitely “good” or acceptable quality (alterna- 
tively. “bad” or unacceptable quality) with respect 
to the characteristics measured by X. Thus in 
the example of section III, X is volumetric capac- 
itv; the admissible class 2 of frequency distribu- 
tions consists of all normal distributions with 
standard deviations equal to 2.0 ec; the sub- 
class w representing acceptable quality consists 
of all such frequency distributions with means 
not less than 534.0 cc; and the purpose of the 
sampling plan can be considered to be to test 


* For the benefit of mathematicians reading this paper, it might be observed 
that this usage of the word “region” is at variance with the usage in classical 
mathematical analysis; the critical region is not necessarily an open connected set, 
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the hypotheses (designated as H, in fig. 3) that 
the distribution of X lies in this subclass. 

The critical region for this test, chosen on 
intuitive grounds in section ILI], was the region in 
the sample space of four dimensions defined by 
the inequality 

X+X 


+X; t X 

4 *< 532.0, (1) 
where .Y,, X,. 3, and X, represent four observa- 
tions on X. In general, in acceptance sampling 
whenever the critical region is defined by an 
inequality such as 


e< f(X, X2, “7 ae 


O25 

where / is some continuous function of the apparent 
variables, the numbers ¢,; and ¢, can appropriately 
be called acceptance numbers. It is also natural 
to call the critical region the region of rejection in 
acceptance sampling work. 


V. Choice of the Optimum Type of Critical 
Region 


It is fairly clear that the theory of tests of 
statistical hypotheses must revolve to a consider- 
extent around the of the critical 
region. Such a region can always be chosen in 
infinitely many ways so that the probability 
that the sample point falls in it, given that the 
hypothesis under test is true, is not greater than 
a given arbitrarily small number. For example, 
the critical region used in section III is the region 
defined by the inequality (1), and the maximum 
probability of the sample point falling into it 
under the hypothesis of good quality is 0.023. 
But another critical region for which this maxi- 
mum probability is also 0.023 is defined by the 
inequality 


able choice 


X,+X; ! Ast Xs < 533.0, (2) 


532.9<— 

and the reader will have no difficulty in concocting 
other critical regions with the same maximum 
probability of rejection. Which one is the “best’’? 
To answer this sort of question, Neyman and 
Pearson * introduced the idea of the “‘power”’ of a 
test of a statistical hypothesis. This concept is 
based on the obvious fact that the probability 
that the sample point falls in a predetermined 





7 See, for example, Wilks [3], chapter VII. 
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critical region w depends on what the wiknoy 
frequency distribution of X really is. That is. | 
each member of the class 2 of admissible frequen, 
distributions of X, there is a probability, theor 
ically calculable, that the sample point falls jy , 
The power of the test is simply defined to be th, 
probability, and is thus a functional depending 
the distribution of X (and also on w). Thx 
means that if the frequency distribution of } 
really belongs to the subclass w (that is, the hy. 
pothesis is really true), then the power of the test 
is the probability of (erroneously) rejecting t\ 
hypothesis, and if the frequency distribution of | 
does not belong to w, then the power of the test \ 
the probability of (correctly) rejecting the hy. 
pothesis. 

Common sense indicates the right way to choos 
the critical region for a test is to choose it in suc 
a way that when the hypothesis is true, the powe 
is as small as possible, and when the hypothesis i 
not true, the power is as large as possible. A mop 
careful formulation of this principle would proces 
as follows: For any given fixed sample size »' 
consider all possible critical regions for which t) 
power is less than or equal to a given number « 
when the hypothesis is true. From these, selec 
the particular region which has the property tha 
for each frequency distribution not in @ it makes 
the power greater than do all the other region 
Such a region is said to provide a uniformly mos 
powerful test. When this sort of optimum regio: 
does not exist, various compromises have bee 
worked out which rationalize and systematize in- 
tuitional solutions of the problem In some cass 
where a critical region which is known to be in som 
sense optimum does exist, the boundary is so cou 
plicated that for practical reasons it is desirable \ 
use a simpler critical region. An example of suc! 
a case will be discussed in section VIII. 

To return to the example of section III, 
power of the test for any member of the class 2 a! 
for any critical region defined by an inequalit 
like (1) or (2) is very easily calculated by simp) 
noting that the probability distribution of (1 
X, + X3+X,)/4 has exactly the same mean as 
parent frequency distribution in Q, and has t 
standard deviation 2/V4=1 ec. Therefore, ti 
probability that the sample observations fall ~ 


§ If sequential sampling is used, this clause can be omitted (ser Wald 
If multiple sampling is used, the clause should be replaced by 8 


of the sample size at each step of the sampling procedure. 
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th. they satisfy an inequality such as (1) or (2) 
ca quickly be looked up in a table of a normal 
distribution. It appears reasonable from figure 3, 
which shows the distribution of (X,+X,+X3;+ 
YY, 4 drawn for four typical members of the class 
Q. that among all critical regions of the type given 
by inequalities such as (1) and (2), the one given 
by (1) gives the uniformly most powerful test in 
the sense above defined. This can be proved 
rigorously with little trouble. It is not so easy to 
show that this same critical region gives the 
uniformly most powerful test among all possible 
imaginable critical regions in space of four dimen- 
sions, and not just among those critical regions 
defined by inequalities to be satisfied by the sample 
mean, but it can be proved that such is indeed the 


case [5]. 


VI. Adjustment of the Power of the Test 


Presuming that an optimum (or at least, satis- 
factory) type of critical region for a given statistical 
hypothesis is known, the chief remaining question 
in setting up the test, or acceptance sampling plan, 
is that of arranging for the appropriate power. It 
was previously pointed out that the power of the 
test depended on the distribution of the variate X 
to which the hypothesis applied, and on the shape 
and size of the critical region w. In addition, it 
should now be observed that for a fixed specifica- 
tion of the distribution of XY and for a fixed w, the 
power also depends on the probability distribution 
of the sample point (Y,, Xo, , Y,), which is 
determined by such things as method of selection 
of the sample and the sample size. 

The problem of deciding upon the appropriate 
power for a test is complicated by the fact that in 
most cases of practical importance, given any fixed 
critical region, the power functional does not have 
a sharp discontinuity as the frequency distribution 
of Y crosses the boundary between w and the re- 
mainder of 2. In other words, if the hypothesis 
is almost, but not quite, true, the probability that 
the sample point falls into the critical region is 
about the same as if the hypothesis was almost, 
but not quite, untrue. This phenomenon can be 
seen very easily in figure 3. Obviously as the 
mean of the true distribution moves continuously 
leftward from the value 534.0 ec, which repre- 
sents the boundary of good quality, the shaded 
area to the left pf the point 532.0 ce (which repre- 
setts the power of the test) continuously increases. 


Ac eptance Sampling by Variables 


A convenient way of getting around this diffi- 
culty is to recognize that in the applications there 
is often no real need for distinguishing sharply 
between a case where the hypothesis is true and 
another case where it is “just a little bit” untrue. 
In many situations it is possible from practical 
considerations to select a second well-defined sub- 
class w, of the class 2 of admissible frequency 
distributions, such that there is a positive distance 
(as defined in some reasonable way) between w and 
w,, and such that from the viewpoint of the applica- 
tion, w,, and w are subclasses that are so radically 
different that if the true distribution of Y really 
belongs to w,, then there should be a high proba- 
bility of rejecting the hypothesis that it belongs 
It is natural in such a case to introduce 
a second statistical hypothesis into the picture, 
consisting of a statement that the unknown 
frequency distribution of Y belongs to the subclass 
w,. The test is then conveniently thought of as 
affording a criterion of choice between the two 
hypotheses. 


to w. 


This approach, which will henceforth be called 
the method of alternative hypotheses, leads to 
simple quantitative rules for determining the ap- 
propriate power, as for example that the power 
shall not be greater than a preassigned number a 
when the distribution of XY is truly a member of 
w, and the power shall not be less than a pre- 
assigned number 1—8 when the distribution of Y 
is a member of w;. For a given method of sample 
selection and a given type of critical region, this 
sort of requirement will in many practical cases 
uniquely determine a minimum sample size and a 
corresponding position for the critical region, as 
will be seen in section VIII. 

In the application of the theory of statistical 
tests to acceptance sampling, the method of al- 
ternative hypothesis is particularly useful and 
convenient. It is seldom indeed that the bound- 
ary between the characterization of a “good” lot 
and a “‘bad” one is sharply defined; but given a 
class of admissible frequency distribution of a 
quality-defining variable .Y, it is often possible to 
pick out two isolated subclasses which respectively 
represent definitely “good” or definitely “bad” 
quality with respect to the characteristics meas- 
ured by Y. When this has been done, the maxi- 
mum” probability of erroneously rejecting an 
aggregate that is really in the good subclass is 


* Maximum is here used in the sense of least upper bound, 
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called the producer’s risk, and the maximum (see 
footnote 9) probability of erroneously accepting 
an aggregate that is really in the bad subclass is 
called the consumer's risk. In the terminology of 
the preceding paragraph, if 8 represents good 
quality and «, represents bad quality, then a@ is 
the producer’s risk and 8 is the consumer’s risk — 
a notation that will be adhered to in the sequel. 
The example of section ITI illustrates the method 
of alternative hypotheses. It was pointed out 
previously in section 1V that the admissible class 
2 of frequency distributions in this example con- 
sists of all normal distributions with standard 
deviations equal to 2.0 ec, and the subclass , 
identified with a good quality, consists of all fre- 
quency distributions in 2 with means not less than 
534.0 cc. A second subclass «,, identified with 
unacceptable quality, is also defined in the exam- 
ple; this #, subclass consists of the members of 2 
with means less than or equal to 530.5 ce. The 
producer’s risk of the sampling plan thereupon 
chosen is 0.023, and the consumer’s risk is 0.067. 


VII. Parametric Case and Operating 
Characteristic 


The study of the power of a statistical test is 
considerably simplified when the members of the 
class 2 of admissible frequency distributions are 
uniquely determined by the values of one or more 
parameters. The discussion in the preceding sec- 
tions has not been limited to the parametric case 
because the basic definitions and concepts can be 
stated just as easily for the general case as for the 
parametric case. Moreover, work is proceeding 
rapidly now on the theory of nonparametric tests, 
and it would seem to be worth while to lay down 
general definitions here with an eye to the day 
when nonparametric tests come into general use 
in acceptance sampling. But parametric hypo- 
theses are still used far more commonly in the 
applications than nonparametric ones; this is 
especially true in acceptance sampling applica- 
tions. 

The case illustrated in the example of section 
ILL, where each member of the class 2 was uniquely 
determined by the value of its mean, is an example 
of the important case in which the class 2 is a one 
parameter family. Let the parameter in a one 
parameter family of admissible frequency dis- 
tributions be denoted by @. For a fixed critical 
region w, and method of sampling, the power of the 
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test is a single-valued function of @, which «an bp 
represented graphically in the usual way. |) 
the theory of statistical inference, this graph ix 
called the power curve of the test; in acceptanc 
sampling work, it is called the operating characte. 
istic. The power curve or operating characteristi: 
of the sampling plan of section III will be found in 


figure 4. 
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MEAN VOLUMETRIC CAPACITY OF AGGREGATE (INCC) 
Ficure 4. Operating characteristic of the sampling plan 


of figure 3. 


By drawing the power curves, or operating 
characteristics of a number of proposed tests, 
corresponding to different positions of the critical 
region and different sample sizes (and perhaps 
even to different methods of sampling), a rationa! 
choice of the most suitable test can often be made.” 





'° Collections of operating characteristics for the attributes case will !e found 
in [*) and in [7]. A collection of power curves for certain standar tests of 
statistical hypotheses for sampling by variables is given in [8). 
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hoice can be based on one or more of a 
wr of rather obvious properties of the various 
es, such as their relative slopes and their 
wiehts at specially chosen values of 6. The alter- 
ative hypothesis approach described in consider- 
»ble generality above can also be used profitably 
n conjunction with a power curve. The sub- 
Jasses @ and w, are respectively represented by 
ntervals (or more general point sets) on the 6-axis 
f the power curve, and from inspection of the 
uurve the maximum probabilities of rejecting the 
lternative hypotheses when @ lies in these inter- 
als can easily be estimated. 


1u 


I. Sample Size and Region of Rejection: 
Norma! Distribution 


In the present section, and in the following one, 
the methods of alternative hypotheses will be 
applied to obtain some general formulas of 
practical importance for sample sizes and regions 
of rejection of acceptance sampling plans in- 
volving parametric hypotheses. The parameters 
to which the hypotheses pertain will be the mean 
and the standard deviation of the frequency 
distribution of a quality-defining variable X in 
the sampled aggregate. Single sampling only 
will be considered; this means that a sample of » 
items is to be drawn from the aggregate, the value 
of X for each of the n items is to be observed, and 
on the basis of these observations the aggregate 
isto be sentenced. It will further be assumed that 
the sample is so selected that the observations on 
the items are statistically independent, and the 
probability distribution of each observation is 
identical with the unknown frequency distribu- 
tionof X. This can be accomplished, for example, 
by what is generally known as “random” selection 
from a finite aggregate with replacement after 
drawing. The assumption will not be 
strictly valid if the sample items are selected “‘at 
random” without replacements, but in the practical 
applications of sampling by variables the size of 
the aggregate is usually so much larger than that 
of the sample that the requirement of replace- 
ments can be dropped without causing any ap- 
preciable change in the probability distribution of 
the sample. As a convenient rule of thumb, it 
might be stated that the formulas to be derived 
are valid for sampling without replacements if the 
ratio of aggregate size to sample size is greater 
than 10 to 1. 


each 


Acceptance Sampling by Variables 


Consider first the case in which the parameter 
to which the hypotheses are to be applied is the 
mean u of the frequency distribution of the aggre- 
gate, as in section III1. Suppose further that this 
distribution is normal, that the value of its 
standard deviation ¢ is known, say o=o, and 
that two values of u, wo, and yw, can be found, so 
that acceptable quality is identifiable with 4 
lying in the interval ySu<@, and unacceptable 
quality is identified with —o<ysSy,. (This is the 
case exemplified in sec. III.) As pointed out in 
section V, a critical region of the type 7<e will 
provide a uniformly most powerful test; here c is 
some constant and 


_ At + X, “+ = 2 
[= 
n 





where .X,, X>, . . ., X,, denote the observations 
on the sample items. Let a be the producer’s 
risk and 8 be the consumer’s risk. Then the 
definition of these risks yields the following pair 
of simultaneous inequalities 


Prob. [T<e Wo Su<m, o=0)Sa, (3) 
Prob. [%2¢|—© <uSyu, c=) SB. (4) 


(The first formula is to be interpreted as stating 
that the probability of 7<c, given that wsp<@ 
and ¢= 9» is less than or equal to a, and the second 
formula has an analogous meaning.) 

Now it can be seen, say from a figure like figure 3, 
that for a fixed c, if u is allowed to approach yp from 
the right, while the distribution of Z is otherwise 
kept unchanged, then Prob. [<c] continually in- 
creases, and achieves a maximum at p=ypo. Simi- 
larly, Prob. [7>c] achieves a maximum for all u Sy, 


when w=. Thus (3) and (4) can be revised to 
read 
Prob. [7<c|u= po, ¢=0|=a. (5) 
Prob. [r2¢|u=m, = 00] =8. (6) 


As Z has a normal distribution with mean » and 


standard deviation o/ yn it follows’ that 
(z—pn)/(oo/V¥n) has a normal distribution with 
mean zero and unit standard deviation. Tables 


of this sort of normal distribution (henceforth to 


be called a standard normal distribution) are 
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widely available. Consider (6) first. It follows 
that 


Prob. [%2 clu=m, =o] 


z— c— 
= Prob. [ His A em, oa | 


Gol yn aol yn 


= 1] Area under standard normal curve 


from ordinate at “—"* to+ = | (7) 
Fo/ vt 
Let k, be the 100p percent point on the standard 
normal scale, that is, the point at which the ordi- 
nate of the standard normal curve bounds a tail 
area exactly equal to p. Then combining (6) 
and (7), 
Fi = ke. (8) 
Oo/ Vn 


A similar argument applied to (5) leads to the 
equation 


<— Fo — — ke. (9) 
>/ yn 


The solution of (8) and (9) simultaneously for n 
and ¢ yields formulas for these unknowns in 
terms of oo, ka, and ks, which provide a general 
solution to the problem of setting up the sampling 
plan. These formulas will be found under case 1 
in the list of formulas in the appendix. Analogous 
formulas for the case in which the two hypotheses 
are interchanged are given there under case 2. 

A slight generalization is obtained by remarking 
that the argument that led from (3) and (4) to (5) 
and (6) is valid if the class of admissible distribu- 
tions is extended from just those normal distribu- 
tions with o= oy» for all values of yu, to include all 
normal distributions with oo, when uz lies in the 
interval identified with good quality, and with 
oo, when u lies in the interval identified with 
bad quality (where o, is any arbitrary positive 
number), and with no restriction at all on o when 
u lies in the interval identified with neither bad 
nor good quality. 

The region of rejection Z<e is then no longer a 
uniformly most powerful critical region, but it 
does still have certain optimum properties. This 
generalization is incorporated in the formulas 
given in the appendix. 

The significance in practice of this extension of 
the class of admissible distributions is that while 
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in a given instance it is seldom known oxa¢t) 
what the standard deviation of the distributioy » 
the aggregate is, frequently a good guess cay 
made at a reasonable upper bound for this stan¢yp, 
deviation. The practical side of making estima 
of bounds for dispersion will be considered in mo» 
detail in section XIIT. 

A case which is often encountered is one | 
which the standard deviation of the distribution, 
of a quality-defining variable X is directly prope. 
tional to the mean of X. Minor adjustments j: 
the above argument yield the formulas listed yoy 
cases 3 and 4 in the appendix. The region of ». 
jection used in these formulas is not a uniformly 
most powerful region, and in fact a theoretically 
“better” region can be found fairly easily."' Hoy. 
ever, this better region is a hypersphere in tly 
sample space of n dimensions with radius ay) 


r 


















vow | 
Doint ¢ 
pf free 
bf the 


center which depend in a complicated way on , righ 
w:, and n. Although the matter has not been car. BPPPLY! 
fully investigated, there would seem to be yer {ffollow! 


little loss in power in using a critical region of t\; 
type Z<ce, as is done in the formulas in the a». 
pendix, and the gain in simplicity is very “On- 
siderable. It would be of interest to make a mor 
thorough study of this point. 

Turning now to the case in which the hypothes:s 
are to apply to the standard deviation o of thf The 
sampled aggregate, an optimum type of critical fi and ¢ 
region for testing the hypothesis ¢ S oo against tly fplan. 
hypothesis ¢2 o in the case of a normal aggregatefto be 
o<o; is known to be given by the inequality s*> Rep 
where c is a positive constant, and s? is the usual 
unbiased sample estimate of o; that is, 





>(X,—3) 


2.57! 
?= ————*s 
n—1 
For 
Inequalities (3) and (4) become of (15) 
a tabl 
Prob. [s? <a)= it - as 
[s*>eloS a]2 a distrib 
Prob. [s?Sele= o:]< 8 1) MeWhich 
\or eq! 
Now the probability distribution of (n— 1)» © Binto (1 
depends only on n and not on yu or «a, and ts Mos 
standard tabulated distribution known as a chi: BR Beyon 
square distribution with n—1 degrees of freedom. FR tion is 
1 ‘This better eritical region is the region for the “likelihood ratio test”: «* fig istrib 
p. 150 of [3). ard de 
'2 See [9], p. 150. For tables of the chi-square distribution, see "), PD. - 
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bof (15) decreases as n increases. 


ieans that since 


Prob. [s?>c] 


—1)s?. ont, 
Prob. k L sin 2. “| 
o o 


yw a fixed value of n and c¢, the probabilities in 
his identity increase as the quantity (n—1)ec/o? 
p . nr . 

o increases. This remark 
revisions of (10) and (11): 


(12) 


ecreases; that is, as 
ads to the following 


Prob. [s?- (13) 


oj=a. 


o,|=8. 


cle 


Prob. [s? Se\o 


(14) 


ow let x°n) p denote in general the 100p percent 
yoint of the chi-square distribution with n degrees 
bf freedom; that is, the point at which the ordinate 
f the frequency curve of this distribution bounds 

right-hand tail area exactly equal to p. By 
pplying the identity (12) to (13) and (14), the 
ollowing simultaneous equations are obtained: 


(n—l1)e_ xa, a-t» 


» 


t') 


(n—l)e ; 
2 =X 1-8, n-1" 
| 
The solution of these simultaneous equations for 
, and yields the formulas that define the sampling 
plan. The best way to obtain the solution seems 
0 be as follows: 
Replace the equations by the equivalent pair 


2 2 
erat (15) 
Xi1—g.n—1 Go 
2.2 
c ToXan—1 (16) 


n—1 


For fixed @ and 8, the quantity on the left side 
By inspection of 
a table of the percentage points of the chi-square 
distribution,” determine the first value of (n—1) 
which makes the left member of (15) greater than 
or equal to) the right member. Then substitute 
into (16) to obtain ¢. 

Most tables of the x? distribution stop at n=30. 
Beyond this value of n, a satisfactory approxima- 
tion is obtained by treating s as if it had a normal 
distribution with mean equal to ¢ and with stand- 
ard 


deviation equal to ¢/y2n—2 


tnote 12 
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The derivation of formulas for n and ¢ then 
becomes essentially the same as that for case 4 in 
the appendix; the results are given under case 7. 


IX. Sample Size and Region of Rejection: 
Nonnorma! Distribution 


The principal limitation to the use of the formu- 
las so far developed is that they involve the as- 
sumption that the distribution of the quality- 
defining variable Y in the sampled aggregate is 
of the normal or Gaussian type. If in any given 
case, the assumption of normality appears to be 
inapplicable, it may happen that some other 
fairly tractable form of distribution can _ be 
specified. The general principles outlined in the 
preceding sections for determining sample sizes 
and regions of rejection will again be applicable, 
but rather troublesome computational difficulties 
may be encountered in determining the distribu- 
tion of the sample mean and in solving for the 
sample size and boundary of the optimum critical 
region. 

Moreover, in practice, cases are frequently 
encountered in which, due to lack of “statistical 
control”’ (see section XII) or lack of any historical 
data concerning the production process, very little 
a priori information is available concerning the 
possible form of the distribution of the variable 
X in a given aggregate. A method for dealing 
with such cases will be described in the remaining 
paragraphs of this section. It naturally leads to 
somewhat higher sample sizes than are obtained 
when for equivalent hypotheses and risks of 
error the form of the distribution is completely 
specified in advance. However, the increase in 
sample size over that obtained even with the 
assumption ef normality is often not unreasonably 
great, and it is suggested that the method about to 
be described might be used whenever there is 
serious doubt about normality, there 
exists a priort knowledge of the physical nature 
of the production process which leads quite 
definitely to the conclusion that Y should have 
some special form of nonnormal distribution, 
such as a Poisson distribution. 

The method consists in making use of the vari- 
ous inequalities of the so-called Tchebycheff type, 
which place upper bounds on the proportion of a 
distribution that can lie at more than a preassigned 
distance from a central point in the distribution." 


unless 


4 See [10] p. 182 to 183. 
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The best-known and most frequently employed of 
these inequalities is the Bienaymé-Tchebycheff 
inequality,’ which presupposes no restrictions at 
all on the distribution except that there is a finite 
standard deviation. As might be expected from 
the absence of prior information assumed, the use 
of this inequality to derive formulas analogous to 
those of section VIII leads to very high sample 
sizes compared to those obtainable under the as- 
sumption of normality. It is possible to improve 
the Bienaymé-Tchebycheff inequality somewhat 
by imposing certain additional restrictions on the 
distribution, such as that it be continuous and 
unimodal.'® This type of restriction is not unre- 
alistic in acceptance sampling work.” But anoth- 
er and more fundamental difficulty in the applica- 
tion of the Bienaymé-Tchebycheff inequality to 
acceptance sampling by variables is that the ine- 
quality seems to fail to take full advantage of the 
usually rapid approach of the sampling distribu- 
tions of z and s to the normal form as n increases. 

Thus in spite of the popularity of the Bienaymé- 
Tchebycheff inequality and its various modifica- 
tions, in the case of hypotheses concerning yz, it 
would seem that the appropriate type of Tcheby- 
cheff inequality to use is one which is known as 
the inequality of S. Bernstein. This inequality 
has the double virtue of appearing to avoid the 
difficulty just now mentioned, and of involving 
restrictions on the distribution of X that are 
automatically satisfied in most acceptance sam- 
pling work. The Bernstein inequality may be 
written in the form of a pair of inequalities as 
follows: '* 


Prob. [F—w> K]s 7" ¥7/ 207 +288) | (17) 
Prob. [F—»s —K]se-"®"/@"+*#® (18) 
and the restrictions on the distribution of the 
aggregate are that the absolute moments 
y= E(|X—yl|’), j=1,2,.. 
all exist and satisfy the inequality 


e ’ 
' —2 — 
4,55 JA, j=2,3,.. 5, 


where A is a positive number. These conditions 
are satisfied if, for example, the distribution of X 


18 See [10] p. 183. 

8 See [10] p. 183, also [11]. 

1 Simon [2] discusses in some detail the use of the sharpened Bienaymé- 
Tehebycheff inequality in industrial sampling work, 

8 See [12] p. 204 to 205; also [13]. 
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is bounded, which is usually the case in practic, 
If the distribution of X lies entirely in the intery, 
(u—A, w+), then it can be shown that h ew 
be taken as equal to A3.” 

The use of the inequalities (17) and (18) 
derive formulas for sample size and critical regioys 
for hypotheses relating to u, follows closely in tiy 
pattern se. up in section VIII. The same type o 
regions of rejection will be used as before; thes 
regions at least have optimum properties in th: 
limit as the sample size tends to infinity. 

The argument used in section VIII is applicab: 
without change down through (5) and (6). 4: 
that point the inequalities (17) and (18) are intro. 
duced. The analogue of (7), obtained by using 
(17), is 


Prob. [z2c\u—m, o=o)= 


Prob. [2z—w, 2¢e—m|u= M1, T=] 


<e- _n(e—pi)? =, 


~ 202+ 2h(c—y) 
where e=2.71828 .... That is, 
— n(¢—4u)* . on . { 
oy +h(e—m) . log. . ur 


Similarly, applying (18) to (5), the following 
equation is obtained: 


n(e—po)? __ . - 
Oo? —h(ce— wo) — - log, a. te 


The two simultaneous equations (19) and (2) 
define n and c. The extension to the case in whic) 
the a priori information o=o, is replaced by 
oS 0 for H, and oS, for H, is again valid. Th 
only change in the equations (19) and (20) necess- 
tated by this generalization consists in replacing 
a» by o; in (19). 

Unfortunately, (19) and (20) happen to be 
equations of the third degree in the unknowns 
and the general solution is somewhat complicated 
The situation is greatly simplified from the alge- 
braic point of view by taking a=8. The solution 
for this case, and with oe, for additional 
simplicity, is given in cases 5 and 6 in the appendi\ 
The reader will have no great difficulty in obtai- 
ing the solution of (19) and (20) in more gener! 
cases, either by graphical methods or by straighi'- 
forward algebra. 


'® See [12] p. 205. 
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X. The Case of Unknown « 


has doubtless been noticed by the reader that 
the formulas so far derived for acceptance sampling 
jlans involving hypotheses relating primarily to 
uy, have unfortunately always explicitly involved 
upper bounds for ¢. This situation stems from 
the fact that the power curves for any efficient 
test of a statistical hypothesis concerning yz will in 
general always depend on higher moments of the 
distribution of », except in the case of certain very 
special distributions, where o is a known function 
of w. (An example of such a special distribution 
is the Poisson distribution, where ¢= yu.) 

If it ean be assumed without too much error 
that the distribution of X is normal, then it is 
possible to devise a test of a hypothesis relating 
to u, Which has the property that the power curves 
corresponding to different values of o all go 
through one point, say the point (yo, a) or the 
point (u;, 8) in the notation of section VIII and 
the appendix. Moreover, the power curve of the 
test corresponding to each given value of o either 
always rises or always falls as u« increases, so that 
if the hypothesis to be tested is of the form 
up Su< ©, say, and if the test is arranged so that 
each power curve passes through the point (uo, a), 
then it is possible further to arrange the test so 
that the power for u> wo is always less than a no 
matter what o may be. 

Translated into the language of acceptance 
sampling, this all means that if the distribution of 
X in the sampled aggregate can be assumed to be 
normal, and if good quality is defined, say, by 
oS u<o and bad quality by —o<yuSy, (as in 
case | in the appendix), then there is a way to set 
up a sampling plan that will have a preassigned 
producer's risk, or alternatively a preassigned 
consumer’s risk, regardless of the standard devia- 
tion of the aggregate. But only a chosen one of 
the two kinds of risks can be preassigned; when a 
series of aggregates having differing values of ¢ 
are sampled, the value of the opposite risk will be 
different for each aggregate in the series, and will 
increase with o. 

Assuming (as always) the method of sampling 
described in section VIII, the critical region (or 
region of rejection) for the test in question is 
defined by inequalities of the type 

z—y’ 


ogee af 9 
8/4/n ~% (21) 
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~—t ze, 

8/ . n 
where y’ is the particular value of » for which it is 
desired that the power of the test shall be inde- 
pendent of ¢. In case the producer's risk is to be 
fixed for a hypothesis of good quality given by 
oS u<@, then (21) would be used with p= yo. 
The left member of (21) and of (22) is a function 
of the observations .Y,, . , X, known as 
Student’s ¢” with n—1 degrees of freedom. 
Tables giving certain of the percentiles of the 
distribution of this function for various values of 
n are widely available. Let t,,, denote the 100p 
percent point of the distribution of Student’s ¢ 
with n degrees of freedom; that is, the point at 
which the ordinate of the frequency curve of this 
distribution bounds a right-hand tail area exactly 
equal to p. Then if the producer’s risk is to be 
fixed, the formula for determining ¢ is simply 


c=+ 


with the sign chosen so as to place the region of 
rejection properly in accordance with the obvious 
requirements of the hypothesis. If the con- 
sumer’s risk is to be fixed, the formula becomes 


c= + f,-199 


Numerical examples and further details will be 
found in [9]. 

The procedure given above is applicable for any 
proposed sample size n and does not fix the value 
of n. Perhaps the most satisfactory method of 
selecting n is by inspection of a family of power 
curves for the Student’s ¢ test drawn for various 
different values of ¢ and n.“ If the use of alter- 
native hypotheses seem to be appropriate, then 
these curves will be found to give in convenient 
form, for each n, the various values of the _con- 
sumer’s risk (assuming that the producer’s risk 
was fixed in setting up the plan) which correspond 
to the particular values of ¢, which are likely to 
be encountered in the applications. 

It is perhaps a little discouraging to notice in 
this connection that if a sampling plan is set up 
by the formulas given in case 1, or case 2 in the 
appendix, and if the Student’s ¢ plan with, say, 
fixed producer’s risk is set up for the same defi- 


2%” See, for example, [9!, p. 14. A table of the distribution of ¢ is given on p. 


167 of [9}. 
” See [8]. 
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nition of good quality, the same producer’s risk, 
and the same sample size, then the consumer’s 
risk for a given definition of bad quality and a 
given upper bound for o¢ is considerably greater 
in the case of the Student’s ¢ plan than in the case 
of the other plan. (Of course, this consumer’s 
risk in the Student’s ¢ plan can be reduced by 
increasing the sample size beyond that of the 
other plan). This fact suggests that the use of 
the Student’s ¢ approach in acceptance sampling 
work should be limited to cases in which it is 
essential at all costs to maintain either a constant 
producer’s risk or a constant consumer's risk. 
But in practice, the exact validity of the underlying 
assumption of normality is always in doubt, and 
the method of sampling is seldom truly random, 
so the concept of a constant risk is in reality quite 
a nebulous one. There is thus some basis for a 
recommendation that the Student's t approach should 
never be used at all in acceptance sampling work. 
The dependence on o of the power curve of tests 
relating to u in the normal case can be eliminated 
by the device of using a two-sample test, or double- 
sampling plan, in which the first sample serves the 
purpose of exploring the situation as regards o, and 
the sample size of the second sample is adjusted 
accordingly. If the assumption of normality 
could be removed, such double-sampling plans 
might be of considerable utility in acceptance 
sampling work in which a variety of unique aggre- 
gates of uncertain pedigree and composition are 
to be sentenced by sampling in the complete ab- 
sense of any history on which to base estimated 
upper bounds for ¢. But as far as the writer is 
aware, there has been no attempt to eliminate the 
normality assumption in the literature of such 
tests to date. The assumption of normality, or 
even approximate normality, in the situation just 
now described would seem to be rather dangerous. 
If the normality assumption is admitted, then 
there are several ways of going about the problem 
of setting up the test. A particularly interesting 
and straightforward method is given by Stein in 
[14]. Although it is beyond the scope of this paper 
to discuss multiple or sequential sampling plans 
at any length, it seems worth while to give here 
the instructions for setting up an acceptance sam- 
pling plan for alternative hypotheses on the basis 
of the Stein theory. For the hypotheses of case 1 
of the appendix, the steps are as follows in terms 
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of the notation introduced in this section ayy 
previously: 

(1) Select a random sample of size m from tly 
aggregate, and calculate s? for this sample. (ly 
sample size m is not prescribed by the conditions 
of the problem, and is left to the judgment of th: 
person doing the sampling. A small m migh 
result in a large total sample size if ¢ is large.) 

(2) Find the numerical value of 


8*(tm et Sn 1,8)" 


ad aid (uo — a1)” 


Let n be the total number of observations in thy 
first and second samples. The value of x is t 
be taken as [n’]” or m, whichever is the larger 
(This means that if [n’]>m, it will be necessan 
to take a second sample of [n’]—m items, bu 
if [n] Sm, no second sample is necessary. ) 

(3) The region of rejection is now defined to | 


r— Ho ys 9 
s/yn ¥ 
where 
n 
>) 
oof 
c——tn_1,¢ and Zz 


(Note that s is computed only from the first samp) 
of m items, but 7 is computed from the first and 
second samples combined, if there is a second 
sample.) 

For the hypotheses of case 2 of the appendix, the 
sense of the inequality (23) and the sign of ¢ 
reversed ; the instructions are otherwise unchange( 

The critical region defined by (23) is obviousiy 
a very complicated one, as n is a function of th: 
first m observations. It is not known to th 
writer whether or in what sense the test so define’ 
has optimum properties. 

It is important to observe that the producers 
and consumer’s risks of a double-sampling plat 
such as the above one apply to the entire double- 
sampling process and not just to the second 
sample. In sampling a sequence of aggregates 
it would not be legitimate to select the fir 
sample of m only in the case of the first aggregate 
and then to use the value of s and n so derived 
for all the succeeding aggregates. The value of 
s must be determined separately for each aggre 
gate of the sequence. 


2 The symbol [n’] means largest integer in n’. 
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(I. ‘uality Measured Simultaneously by 
Several Parameters 


| urs frequently that the quality of an item 

us measured by a number of variables that 
vv be correlated with varying degrees of 
tensity 


If the quality of the sampled aggregate is to be 
ed by the mean value of two or more 
and if may be con- 
idered on engineering grounds to be statistically 


pews 
ariables, these variables 
ndependent, then it is very easy to generalize 
For 


sample, suppose that aggregate quality is to be 


he theory of the single-parameter case. 


measured by the three arithmetic mean values 
uw, us, and that the hypothesis //, of good 

vality has the form 

ly S p< 3 S p3<_@. 


4 Sun<2, ; 


Let a, @, and a; be the producer’s risks asso- 
iated individually and respectively with these 
hree inequalities; that is, the producer’s risks for 
ampling plans designed to control thé means, one 
piatime. IfZ,, Z, and F, are the three respective 
ample means, then an efficient test of //, simply 
onsists in requiring rejection if one or more of the 
s fall numbers determined 
ndividually for the three quality characteristics 


below acceptance 
wv the methods used for the single-variate case. 
‘rom this it can be inferred that the total pro- 
wer’s risk of the entire sampling plan (that is, 
he maximum probability of rejecting 7/, if Ho 
s true) is given by 


l l ay (1 a@)(1- Qs) Qi) -> Aa Ay a); 


Qt) sy — Aly Aly > Aly Alo Ay. 

If each of these risks is small, say less than 0.05, 
bs is usually the case in practice, the product 
erms can safely be ignored, and the total pro- 
lucer’s risk becomes simply the sum of the three 
ndividual risks. 

On the other hand, the problem of the con- 
imer’s risk requires a different approach. The 
hegregate would usually be considered to be of bad 
juality if any one of the three parameters y,, we, ps 
interval that with bad 
juality for that parameter; that is, an aggregate 
s generally considered unaceeptable if it is bad 
any one respect. Under these conditions the 
otal consumer’s risk of the sampling plan would 


les in an is associated 
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be simply equal to the largest of the individual 
consumer’s risks associated with sampling plans 
designed to control the means one at a time. Of 
course this point of view is somewhat arbitrary, 
and perhaps there would be circumstances in 
which an aggregate would not be rejected unless 
an inference could be made that it was bad on two 
or more counts. In this case the total consumer’s 
risk would be the largest of the products of pairs 
of individual consumer’s risks. 

The special case of three parameters so far con- 
sidered can immediately be generalized to a higher 
number of independent quality characteristics. 
The general result is that the producer’s risks for 
individual quality characteristics are always added 
to get the total producer’s risk, but the consumer’s 
risks for each of the quality characteristics must 
ordinarily be considered separately. 

A similar situation occurs when aggregate qual- 
ity is simultaneously measured by the arithmetic 
mean of a quality characteristic and by the stand- 
ard deviation. If a normally distributed aggre- 
gate can be assumed, the customary sample esti- 
mates of these parameters are statistically inde- 
pendent. (This is true asymptotically for any 
aggregate.) Thus if sampling plans are set up 
individually for these quality measures in accord- 
ance with the formulas in the appendix, the com- 
bined producer’s risk will be approximately the 
sum of the two producer’s risks, but the con- 
sumer’s risks cannot be combined. 

When the quality characteristics are correlated, 
the problem becomes far more complicated, both 
from the engineering and from the computational 
points of view. The definition of what is good 
and what is bad quality is often harder to decide 
upon in this case. For instance, a lot of plywood 
that is low on shear strength but high on percent- 
age wood failure in sheared specimens might be 
just as acceptable as a lot that is very high on 
shear strength but very low on percentage wood 
failure in sheared specimens. Thus in the case of 
correlation, the definition of good quality may 
correspond in some cases to a spherical or ellip- 
soidal region of the space whose coordinates are 
the population parameters representing quality 
characteristics.“ The formulation of the “best” 
test of the hypothesis of good quality in such cases 
and the computation of the risks may involve a 


# It is conceivable that such a definition of good quality might occasionally 
be considered appropriate even in the case of independent characteristics. 
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number of difficulties. 
Hy considered above, the computation of the 
producer’s risk in a given case would involve a 


Even for the hypothesis 


rather laborious mechanical quadrature. How- 
ever, the formula given above for the case of 
independent variables provides an upper bound 
that often suffices in practical applications. 


XII. Lot Acceptance and Process 
Acceptance 


It has been emphasized several times in the fore- 
going discussion that the theory of inferential 
statistical sampling plans always involves the 
assumption that the sample is selected in such a 
way that the distribution of the sample observa- 
tions bears a known, calculable relation to the 
unknown frequency distribution of the aggregate. 
In particular, it will be recalled that the validity 
of the formulas developed in sections VIII to X 
is dependent upon a method of sampling that will 
insure that the observations are statistically inde- 
pendent and that each has a probability distri- 
bution identical with the frequency distribution 
of the aggregate. 

When such a requirement is considered from the 
operational point of view, it becomes necessary to 
distinguish between the case in which the sampled 
aggregate is all physically present and complete 
in itself at the time of sampling, and that in which 
the aggregate is viewed as a whole stream of 
items, some of which have yet to be manufactured. 
In other words, is it the purpose of the sampling 
plan to sentence a finite “lot’’ or delivery already 
produced, or the entire process? It has been 
customary to call the plan a “lot acceptance sam- 
pling plan in the first case. The second case might 
be called “process acceptance sampling,” and is 
one of the fundamental techniques of statistical 
quality control. 

In lot acceptance sampling work, it is always 
possible, though often not practicable, by the use 
of a table of random numbers or some such device, 
to obtain more or less complete theoretical 
conformance with the requirement of “random- 


ness,” which is basic to the formulas of sections 
VIII to X._ In process acceptance work, the 


difficulties in securing randomness with respect 
to the entire process are much more formidable. 
In addition, the viewpoint is broader, and economic 
and psychological considerations may dictate that 


it is more important to avoid erroneous rejectigy 
of a good process (and consequent shutdown » 
machinery) than it is to avoid temporary erroneoy 
acceptance of a substandard process. 

These considerations suggest that a rath» 
frequently repeated statistical test of low noming! 
power and with a very low nominal producer's pg 
might be more suitable for process control than 
less frequently repeated test of considerably 
higher power. Such an approach was advocate) 
by Shewhart [15] and has now become the 
cepted sampling technic for statistical proces 
control. An essential feature of the Shewhgr 
system consists in plotting the sample data on ; 
“control chart.”” This graphical device has bee 
found useful in bringing about a condition in whic 
the sequence of observations on successive itens 
produced by the process has the characteristics o/ 
a sequence of observations on items successively 
drawn “at random” (in the sense of section VII] 
from a finite aggregate. Shewhart calls this co- 
dition that of “statistical control” and has pointe! 
out a number of benefits that it entails. 

When a process is known to be in statistical 
control, a fairly extensive history of the production 
process is necessarily at hand. If this history 
indicates that the distribution of the aggrega\ 
has remained for some time within a subclass o! 
distributions identifiable with good quality, the 
it is the viewpoint of many experts in the field o! 
statistical quality control that the weight of such 
historical data should be ordinarily sufficient | 
permit the continual acceptance of lots withou' 
the use of a more powerful (and more expensiv: 
lot acceptance sampling plan. 

Such a viewpoint clearly rests on experien 
rather than on mathematical theory. If 
purchaser does not have his own inspectors in ty 
plant of the manufacturer, he may very well 
that he needs some sort of definite lot-by-l 
protection against lack of real control or shifts 
the distribution of a statistically controlled proces 
Moreover, each lot produced by a process in st 
tistical control is itself a random sample from 0! 
aggregate consisting of the process, so a poor \\' 
will occasionally be produced by a good proces 
through sampling fluctuations. 

Thus it is by no means irrational under som 
circumstances to employ a lot acceptance sampling 
plan on lots produced by a process supposedly " 
a state of statistical control. If the decision © 
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to do this, the historical data concerning the 

ol of the process, when available, will often 
ide safe estimates of nuisance parameters such 
» the ease of hypotheses concerning the mean 


I 
.s 
ind also will provide appraisals of the applicability 
ff assumptions concerning the general form of the 
distribution of the lot. 

It is interesting to notice that if a lot acceptance 
sampling plan is set up in connection with a con- 
trolled process, with the ultimate aim of accepting 
or rejecting the process, then the chances of mak- 
ing an erroneous decision are likely to be about the 
same for the individual lot and for the process. 
\lore precisely, if a sampling plan involving a 
hypothesis concerning, say, the mean yu of the 
sampled aggregate (assumed to be normally dis- 
tributed), is set up for a pair of hypotheses similar 
to those of case 1 of the appendix, with the process 
playing the role of the sampled aggregate, then 
the upper limit of the conditional probability of 
rejection for a lot with mean X satisfying the 
condition X= yo is less than (but only slightly less 
than) a, and the upper limit of the conditional 
probability of acceptance for a lot with X< is 
less than (but only slightly less than) 8. This 
situation arises from the fact that for any given ug, 
the “uneonditional’’ marginal distribution of 7 
the sample mean) is normal with mean yw and 
standard deviation o/yn, while for a given fixed 
value of XY, the conditional distribution of 7 
which is incidentally independent of u) is normal 
mean X and standard deviation 
,(N—1)N) where N is the lot 
only very slightly less than o/ yn for reasonably 
large values of NV. Similar considerations apply 
to sampling plans involving the standard devia- 


with (a/yn) 


size), which is 


tion. 

Thus under the hypothesis of control, if the 
mean of the process is in a region associated with 
good quality, the oceasional ‘bad’ lot that is 
produced by an accident of chance itself has a high 
probability of being rejected by the sampling plan. 
The probability of accidentally accepting a bad lot 
under such eireumstances is a little less than the 
probability, multiplied by 8, that a bad lot will be 
This probability of accidentally ac- 
cepting a bad lot, for N>n, is infinitesimal for the 


produced, 


pairs of hypothesis considered in this paper; for 

example, in the case of hypotheses concerning the 

m the region for X identified with bad lies well 
nce Sampling by Variables 


Accepta 


5S 47 S 


beyond the acceptance number c, which itself lies 
in the extreme tail of the distribution of a sample 
of n. 

This suggests that when there is a certain 
amount of assurance that a state of statistical 
control exists, a “‘cheap” lot acceptance sampling 
plan with low power might be the reasonable one to 
use. For given definitions of good and bad quality, 
when statistical control is not assumed, it is cus- 
tomary to use consumer’s and producer’s risks of 
the order of 1 to 10 percent. It is suggested that 
when statistical control can be assumed, a satis- 
factory plan will result if a consumer’s risk of 50 
percent is used in conjunction with the value of 
the producer’s risk, and the definitions of good and 
bad quality, that would have been chosen if no 
control were assumed. 


XIII. Random Remarks on the Applications 


In practice, the control of dispersion in lot ac- 
ceptance sampling work is still usually handled by 
the method of imposing upper and lower toler- 
ances on the variable in question, which are then 
enforced by sampling by attributes. However, 
the writer has seen a number of successful applica- 
tions of variable technics involving the sample 
range or standard deviation. It seems probable 
that as statistical quality control methodology 
becomes more familiar to inspectors and factory 
personnel, the variables approach to the dispersion 
problem will be given proper emphasis in cases 
where it is not the position of the distribution, but 
its ‘width’ that must be controlled. A case in 
point is to be found in recent issues of Navy De- 
partment specifications for certain types of high- 
pressure eviinders. The range of tensile strength 
in the steel in individual cylinders, which affects 
the weldability properties of the metal, is con- 
trolled in these specifications by means of a 
variables sampling plan. 

In the case of quality measured by the mean, the 
situation as regards the present popularity of the 
variables approach is quite different. Acceptance 
sampling plans involving the use of the sample 
mean are very frequently met with in practice. 
Needless to say, they are usually set up on the 
assumption that the sample is an exact replica of 
the lot, and are then defended by their authors on 
the basis that “years of experience’’ have proved 
them to be satisfactory. 


287 











It is easy to see why this type of approach 


actually does not often lead to trouble. The fact 
is that variables sampling plans involving the 
mean are usually applied in cases where there is 
considerable flexibility in the establishing of the 
definition of good and bad quality. By far the 
most frequent applications of this sampling tech- 
nic are to cases in which the main problem is to see 
that a purchaser receives full measure under a con- 
tract or order. The replica-of-the-lot theory of 
sampling places the acceptance number for the 
sample mean squarely on the value of the mean 
agreed upon for the total amount of material un- 
der contract, and the contractor usually has sense 
enough to avoid rejections caused by sampling 
fluctuations by keeping his lot mean a little above 
the acceptance number. The purchaser, in his 
turn, has unconsciously established for himself a 
definition of a bad lot; but he seldom really knows 
exactly what is really in a given delivery, and a 
single underweight lot accidentally accepted 
through sampling errors will probably never be 
detected. 

Closely related to the problem of full measure 
is the problem of the average analysis. In the 
purchase of certain commercial chemicals where 
complete homogeneity is not necessary, an average 
analysis is all that is needed to insure that the 
purchaser is getting his money’s worth. This 
situation also obtains in the purchase of many 
metal items, such as pots and pans. In the same 
category are service life lot acceptance problems, 
in which the item is easily replaced from stock- 
room supplies if it wears out in use. Lamp bulbs, 
welding rods, searchlight carbons, and abrasives 
are all examples of materials which, under mass 
procurement conditions, give rise to inspection 
problems in which the estimation of the average 
service life of the items in each lot (perhaps by 
means of an accelerated life test) is the really im- 
portant problem. In all these cases, the definition 
of what is good and what is bad quality is never 
really clear-cut. It is safe to say in general that 
empirically set up sampling plans using variables 
are not as likely to be really disadvantageous or 
pernicious from the purchaser’s point of view as 
are certain empirical attributes sampling plans, 
such as the familiar “take one in each lot of 250” 
plan. 

To be sure, the writer has seen some exceptions 
to this statement, which have occurred when speci- 
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fication writers in attempting to extrapola © fpoy 
“vears of experience”’ unconsciously have ri) afoy 
of the laws of probability. An example tha‘ com 
to mind is a case in which the mean of « fair) 
large preliminary sample of observations on ¢\ 
breaking strength of glass portlights was taken |) 
a specification writer as the acceptance number {y 
the mean of a sample of four portlights select, 
from each lot. In another case, the mean of tly 
buoyancy values of a few experimental kapok. 
stuffed life preserver pads was reduced arbitrayi) 
by 1 pound and then used in the ensuing specif. 
cation as a lower lot tolerance limit to be strict) 
enforced by attributes sampling. 
standard deviation of most contractors for pad- 
stuffing was about % pound (as could have bee 
roughly inferred from the original data), troubj 
struck quickly when the specification hit the stree: 

These examples are admittedly somewhat ¢y- 
treme. It is not on the basis of such inciden: 
that the scientific approach to variable acceptay 
sampling plans should be recommended, by 
rather on the basis of the fact that such an ap. 
proach pays off in the long run. As in so man 
other fields of application of the modern theory o! 
statistical inference, one can always do bett 
on the average by using the theory than by no: 
And once in a while, a spectacula: 


Because tly 


using it. 
saving results or a serious error is averted, whic! 
alone justifies the extra trouble involved in basing 
the work on sound theory. 

The chief obstacles (other than the difficulty o! 
training involved) to 
applying statistical theory to acceptance sampling 
by variables are that the sample selection show 
be truly random and that prior data on the for 
of the distribution, or at least on its highe 
moments, must obtained. Th 
problem of randomness has already been me! 
tioned briefly in section XII and will not be fur 
The question of est- 


personnel overcome 


generally be 


ther elaborated on here. 


mating bounds for higher moments is worth dis- 


cussing here in a little more detail, at least in th 
important case in which the hypothesis concerts 
the mean and limits must be assigned to the dix 
persion of the sampled aggregate. 

In some cases, the dispersion of the populatio! 
is not due so much to nonhomogeneity of materia! 
as to lack of precision or reproducibility of « tes! 
and once the testing error has been determined 
from a preliminary sample, it is likely to rema.! 
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Examples of cases in which 


’ constant. 
' t. if properly defined, is likely to be rather 
m but the test (or tests) may exhibit con- 
siderable 
s commercial chemicals produced by wet 


variability, are soap, impregnite, and 


variou 

mix processes. In the case of chemical compounds 
blended by dry mix processes and in the case of 
metals produced by continuous melting furnaces, 
the composition of a lot is likely to change slowly 


and uniformly from the first portion poured to the 
last portion, and if it were not for the error of the 
test, purposively selected samples from the first 
and last portion should “bracket” the lot. In 
these cases, it is not the number of sample items, 


pad. Shut rather the number of repetitions of a test 


or an analysis that must be calculated on the 
basis of the known precision of the analysis. 

ut in the majority of cases, it is the material 
rather than the test that is variable, and predic- 
tions as to future dispersions must be made on the 
basis of familiarity with the engineering process, 
intuition, and a certain amount of historical 
evidence. 

In the first place, purely engineering considera- 
tions that limit the range of the variable under 
observation will sometimes yield useful upper 
bounds for the standard deviation of the sampled 
aggregate. In the gaging of the inside diameter 
of a bearing, for example, it may be known that 
the range of measurements in a lot will almost 
surely be +0.001 inch, from which a reasonable 
bound for the standard deviation can be inferred. 
In the production of fiber glass, the range of diam- 
eters of the fibers may be pretty well established 
by the process; in the winding of metallic-asbestos 
spiral-wound gaskets, the length of the strips of 
asbestos used will insure that the number of plies 
will fall 
case is furnished by resistance wire, which is sub- 


within definite limits. An interesting 


jected to average requirements on diameter 
Inainly so that a piece of wire with a given re- 
sistance will not take up too much or too little 
room when wound on a mandrel. Unless different 
sizes of wire accidentally get mixed in a lot 
which does sometimes happen but which would 
prot bly be detected by the resistance test), it 
ean safely be inferred that the range of diameters 
ina lot will be restricted by the dies so that it lies 


between certain known limits. 
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XV. Appendix 


Single-Sample Formulas for Acceptance 
Sampling by Variables 
1. Notation 

VY =a variable which measures a quality characteristic of 
an individual item 

yw—the arithmetic mean of the frequeney distribution of 
VY in an aggregate of the items 

o =the standard deviation of the distribution of VY in an 
aggregate of the items 

n=sample size (number of items in a sample) 


- X,4+Xs+ ... +Xn 
I » where 
n 
x. Xe Y, are the observations on the sample 
items 
(X,—Z)? + (X.—Z)?+ + (X,—z)? 


n—1 

c=acceptance number 

a= producer’s risk (maximum probability of rejecting an 
aggregate of good or acceptable quality) 

8—consumer’s risk (maximum probability of accepting 

an aggregate of bad or unacceptable quality) 


k, -defined by the equation 


Pe } Pa 
Pp | oe 


ty y2n 
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2. Pairs of Alternative Hypotheses 

















i Ih 
Case number 
Definition of A priori information Definition of bad inf 
good quality concerning parameters quality r 
p 
Ban a oa, wi < Mo oS 
2. Me Mo =a) M— M1 > Mo a 
o. ’ 
Geceecs = Mo a w= M1 <— Mo 
i a 
a 
7 . ue Mo = ay = M1 > Mo 
5 ue po oe wu 1 < po oe 
GO... Me Mo a= ay 1 > Me 7~a 
7. o Cy o v) a & 
i 
| M— Bim Me 
Ss. Me up oe : oxo 
BM 
3. Single-Sample Formulas 
(Random sampling) 
Assumed form of distribution of Region i} 
Case number — : n ‘ of rejec- | * 
sgeres ale 
tion 
, k3o, + kav \" Kapoo; + kauyoo - 
l Normal ( ° ) * = P< t 
1 — Mo kgo; + kao 
ko, + k.ow\* Kepoo, + kame - 
2 do. ( a ) mee mio zrI»>c a empe 
Mi Myo kgo; t kat 
ntens 
> « ' 
’ keg), + Katou \? ka, + kao - f wa 
3 . do post r<e . i wi 
i Mo kgi py + Katou 
empe 
4 (= i maa | kga + kato o he sa 
: - Mos) }. . t-e 
My My kei py T Kadouo rold | 
‘i {Lies entirely in finite ad 6” # pot pr a 
ad . 18.42(logy a) z< a 
interval (w—A, w+ A) | F (uo — 4 )* 2 
A he ¢ 
oot & mo mi ; pihe © 
6 do 18.42 (logy a) ; one a, Z>e | (a nust 
(po mm) é 
levTet 
- ka, + kaon \? ka+ka By 
r Normal 1+4 ( ' ) Oye; ( . ) s>c ( The 
a; a ko; + Kaoo 
rold 
4. Notes be assumed that o<A/3. This leads to the follow nom 
— use alterns , a for n: nd S 
(a) In the case of the “‘two-sided alternative’ hypothe- iseful alternative formula for n ind 
sis, identified as case 8 in the list of pairs of alternative A\? a Day 
hypotheses, calculate sampling plan for each side sepa- 3) TERM # utrog 


rately by use of cases | and 2, or 3 and 4, or 5 and 6, as 18.42 (logy a) ; 
. 7 . , (Mo — m1)° 
applicable, and use larger value of n for the final sampling 
plan. Final producer's risk will be less than or equal to (c) Use these formulas only for n>30. For n= 30, > ston 
the sum of the two producer's risks for each side. 

(b) These formulas apply only when a=8. In practice 


it is often easier to estimate A than og, and it may safely 


up sampling plan with the use of the x? distributi: 


Washington, November 22, 1946. 
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Freezing Points of Cobalt and Nickel 
By Milton S. VanDusen and Andrew I. Dahl 
os The freezing points of nickel and cobalt on the International Temperature Scale have 
= been determined on samples from the same lots of metal used by Day and Sosman in their 
freezing-point determinations on the gas-thermometer scale. The freezing temperatures on 
. the International Temperature scale are 
ne tedunwkiemdmnn eke 1,455° + 1° C, 
<9 Cobalt_ _-- . . an 1,495°+1° C. 


A value of the constant C, in Wien’s (or Planck’s) radiation law has been calculated on 

e the basis of the observed ratios of brightness of black bodies at the freezing points of nickel 
and gold, cobalt and gold, and palladium and gold, and the values of the freezing tempera- 

tures of these metals on the thermodynamic scale as derived from the work of Day and 


urch 





Sosman. The average value of C, was computed to be 1.438 em degrees. 


I. Introduction 


The International Temperature Scale ' adopted 
» 1927 by the Seventh General Conference of 
Veights and Measures is based on a number of 
ixed points, the temperatures of which have been 
The highest temperature so defined is 
Above 


lefined. 
hat of the gold point, namely, 1,063° C. 
he gold point the temperature scale is extended 
m the basis of Wien’s law of radiation. Any 
emperature, ¢t, is determined by the ratio of 
utensity J, of monochromatic visible radiation 
f wavelength \ cm, emitted by a black body at 
emperature ¢, to the intensity J, of radiation of 
he same wavelength emitted by a black body at 
wold point, by means of the equation 


log J; 3 ( ! — . ). (1) 
© J, »\1336 t+273 


rhe constant C, is taken as 1.432 em degrees and 
nust be such that \ (¢+-273) is less than 0.3 em 
legree, 

The assignment of the value 1,063°C to the 
old point is based largely upon the gas-ther- 
nometer work of Holborn and Day? and Day 
ind Sosman.* 

Day and Sosman extended the constant-volume 
iitrogen thermometer scale up to 1,550°C by 
taining the temperatures of various fixed points, 
neluding the freezing points of copper, nickel, 


surgess, BS J. Research 1, 635 (1928) R P22. 
nand A. Day, Am. J. Sci. 1@, 17 (1900) 
1 R. B, Sosman, Carnegie Inst. Wash. Pub. 157 (1911). 


Frec>ing Points of Cobalt and Nickel 


cobalt, and palladium. The authors were very 
fortunate to have available for the present work 
samples of nickel and cobalt from the same lots 
of these materials that were used by Day and 
Sosman in their gas-thermometer work. Thus by 
obtaining the freezing points of these materials on 
the International Temperature Scale it was pos- 
sible to compare the temperature scales at these 
points. The purity of the samples of nickel and 
cobalt was such as to give a positive significance 
to freezing-point determinations of these materials. 


II. Previous Work on the Freezing Points 
of Nickel and Cobalt 


With the exception of the determination of the 
nickel point by Wensel and Roeser,‘ practically no 
work has been done during the past 30 years on the 
Most of the 


means of 


freezing points of nickel and cobalt. 
early determinations were made by 
thermocouples, and the conversion of the reported 
values to the International Temperature Scale is 
uncertain. With the exception of the gas-ther- 
mometer work by Day and Sosman, the early 
work on nickel and cobalt is for the most part of 
historical interest only. The values for the 
freezing points of nickel and cobalt are summarized 
in table 1. 

Where sufficient information was given, the re- 
ported values were adjusted to the International 
Temperature Scale. 


‘HH. T. Wensel and Wm. F. Roeser, BS J. Research 5; 1309 (1930) RP258. 
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TABLE 1 Summary of determinations of freez ng points of 
nickel and cobalt 
Report 4 
Observer Date Method | isted 
Vullit mu 
NICKEI 
if f 
Holborn and Wien * Is0 lr hermocoupk 1, 484 
Harker * 190) lo 1,42 
Copaux 1 lo 1,470 
Burgess 4 1w%7 «§=Optical pyromet 1, 435 i 
Day and sosman * 1911 (ras thermomet 1, 452 
Wensel and Roeser ' 1930 | Optical pyron 1. 455 1, 45 
Van Dusen and Dahl 1947 1 1,4 1.4 
COBALT 
Copaux Oo rhermocouplk 1 “ l 
Burgess 1m Optical pyrometer 1, 464 14 
Day and Sosman ¢ 191 Cias thermometer 1, 4" 
Raydt and Tammann * 19 Phermocouplh 1,480 1.484 
Ruer and Kaneko 2 ! 1,491 | 1,495 
Burgess and Waltenber n4)M ptical pyrometer 1.478 | 1, 482 
Van Dusen and Dahl M7 1,495 1,49 
* L. Holborn and W. Wien, Wied. Ann. 56, 360 (1895 
b J. A. Harker, Proc. Royal So« Londor A] 76, 2 lv 
¢ H. Copaux, Compt. rend. 140, 657 (1905 
1G. K. Burgess, Bul. BS 3, 34 1907 2 
e A. Day and R. B. Sosman, Carn Inst. Wash. Pub. 157 (1911 
' H. T. Wensel and Wm. F. Roe BS J. Research 5, 1309 (1930) RP 258 
« U. Raydt and G. Tammann, Z. anorg. Chem. 83, 446 (1913 
R. Ruer and K. Kaneko, Ferrum 11, 5 (1913-14 
G. K. Burgess and R. G. Waltenberg, Bul. BS 18, 79 (1914) S25 


III. Materials 


A detailed discussion giving the sources and the 
analyses of the metals used by Day and Sosman 
in their gas-thermometer work is given in their 
book, page 85. The analyses of the nickel and 
cobalt ingots made at the conclusion of the present 
work are shown in table 2.° 

The compositions were essentially the same as 
those originally reported by Allen of the Geo- 
physical Laboratory, with the exception of the iron 


raBLe 2.—Results of analyses 
Nickel Cobalt 

Impurity \ int Impurity Amount 

I en Percent 
rt wre Pt ool4 
Cu M4 Cu T 

Co ” Fe i“ 
Fe ‘ s Ol 
Ni OLS 
Analyses made | R. K. Bell, of t Ch try D ion of this Bureau. 


content of the cobalt. A test for iron in a 
of cobalt that had not been used in the | 
point determinations gave only 0.004 px 
This indicated that the cobalt had 
slightly contaminated with iron during 


operations for the installation of sight tub: 


iron. 


iron content, however, will not affect the { 
point of cobalt to any significant extent. 


IV. Present Work 


1. General Procedure 


j 


The so-called crucible method was followe 


the freezing-point determinations. 


a hollow enclosure or black body is immersed 


In this met 


bath of the metal, and observations on the ra 


tion from the black body are made with an opt 


pyrometer during the time the metal is fre 


the work 


means 


In present 


of a high-frequency 


This type of heating provides for a high degre 


temperature uniformity throughout the 


and minimizes the probability of contaminat 


of the sample by the furnace elements. 


2. Crucibles 


Previous use of beryllia and thoria as 1 


induction fur 


the melting was don 


Sal 


and sight tube materials for melting pure mi 


led to their use in the present work. 


proved to be more satisfactory because of 


greater mechanical strength. The berylli: 


} 
I 


Th 


thoria crucibles and accessory parts were prepa 


by the general method described by Swanger 


Caldwell. 
always of the same material. 


The crucible and the sight tube 


3. Atmosphere 


As both nickel and cobalt oxidize readily at | 
temperatures, it was necessary to melt the met 


either inert reducing 


Atmospheres of 


in an or a 


hydrogen * and nitrogen 
footnote 


have been used by previous investigators. 


3), as well as vacuum (see footnot 


Hel 


atmospli 


was chosen for the present work as all availa 


evidence indicates that the solubility of |b 
than 


in either nickel or cobalt is less 


hydrogen or nitrogen. The helium was sufl 


freed of oxygen to prevent any visible ox 


Wm. H. Swanger and F. R. Caldwell, BS J. Research 6 
RP 327 


G. K. Burgess and R. G. Waltenberg, Bul. BS 10, 79 (1914 
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eezing point samples. Commercial helium 

sed through copper chips heated at about 

“) (© to remove oxygen and then through 
sium perchlorate and phosphorus pentoxide 

remove water vapor. 

For comparison purposes, the freezing tempera- 

if nickel and cobalt were also measured in 


acuuinh. 


4. Arrangement of Apparatus 


of the 


The samples of nickel and 


Ficure 1 shows a cross-sectional view 
ruc ble assembly. 
obalt were formed into the proper shape by 
nelting them in beryllia crucibles of the size and 


hape to be used in the freezing-point determina- 
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Ficure 1 Crucible assembly. 

\n axial hole was drilled in each ingot to accom- 
nodate the sight tube. Eachsample, together with 
ts sight tube, was placed in a _ refractory-oxide 
rucible and mounted in a larger porcelain con- 
The relatively coarse 
vsulating material surrounding the crucible per- 


ainer, as shown in figure 1. 


uitted the passage of gas around the sample, and 


he lampblack provided excellent heat insulation. 
he assembly shown in figure 1 was placed inside 


Pyrex-glass enclosure, shown in figure 2, in which 


he esired could be maintained. 


‘he be 


atmosphere 
was closed at the top with a Pyrex 
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Figure 2. Crucible assembly in Pyrex envelope. 
window sealed to the tube with propylene phtha- 
late. The Pyrex tube fitted closely inside the 
water-cooled coil of the induction furnace. 

In the experiments employing a helium atmos- 
phere, the gas was passed slowly through the 
Pyrex enclosure for about 16 hours before the 
heating was begun as well as during the actual 
For the experiments in vacuum the 
pressure within the maintained 
between 0.001 and 0.005 mm of Hg by means of 
a mercury diffusion pump. A liquid-air trap was 


heating. 


enclosure was 


located between the diffusion pump and _ the 
Pyrex tube to prevent mercury vapor from 
diffusing back into the tube. 
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5. Temperature Measurements 


The optical pyrometer used was designed by 
Fairchild and Hoover.’ It.was fitted with a 45- 
degree total-reflecting for sighting into the black 
Two pyrometer lamps were used in the 
black 


bo« ly ‘ 


work. For observations on the 


body at the gold point, an assembly of the same 


present 


dimensions as that shown in figure 1 was used. 
The difference was that only lamp-black insulation 
was used, and the crucible and sight tube were 
made of graphite. 

The brightness ratio, J,/J,;, was measured by 
utilizing a sector disk. The sector had two open- 
ings and was made by mounting steel strips on an 
aluminum The edges of the strips were 
ground or lapped, straight and alined to be radial 
with the aid of a circular dividing engine. The 
transmission of the sector was 2.625 percent as 


disk. 


computed from the measurement of the openings 
with a circular dividing engine. The sector trans- 
mission corresponded to a ratio of brightness from 
the freezing point of nickel to about 1,069° C for 
\, = 0.6533 uw, the effective wavelength of the red 
Also, the 


ratio of 


screen over this temperature interval. 

sector transmission corresponded to a 
brightness from the freezing point of cobalt to 
1,093.5° C for }\,=0.6531 yu, the effective 
wavelength of the red screen over the temperature 
interval in question. The values of 1,069° and 
1,093.5° C were obtained from observations of the 
lamps at the gold point and a knowledge of the 
current temperature relation of the lamps over the 


about 


temperature intervals involved 

In addition to using a sector disk as mentioned 
above, an absorption glass was used to obtain 
temperature measurements at the freezing points 
of the 
calibrated repeatedly by comparison with sector 


metals. This absorption glass has been 
disks over a period of about 20 years, and its 
calibration is considered well established. 

A total of about 60 freezes on each metal were 
made, with both 
The average number of pyrometer settings during 
one freeze was seven. About 
metal were made with the samples in vacuum and 


authors serving as observers. 


10 freezes on each 
the remainder with the samples in helium. No 


Both nickel and 
In a particu- 


significant difference was noted. 
cobalt exhibited some undercooling. 
lar cobalt freeze, the metal was observed to under- 


*C. O. Fairchild and W. H. Hoover, J. Opt. Soc. Am. 7, 543 (1923). 
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cool about 60 degrees before solidification (gr 
It was possible to limit the magnitude of 
undercooling by slightly jarring the furnic 
when the desired temperature was reached, 4 
underecool of about 5 to 10 degrees Was usu; 
obtained. 

As the transmission of the sector was such as; 
produce a match when the lamps were opera; 
not exactly at the gold point (1,063° C) bu 
neighboring temperatures, the working equa 


becomes: 


J; a 
loge 7, lB 7 aE 278 7 a7) 


where 7 is the transmission of the sector. 
If logarithms to the base 10 are used and ( 
expressed in micron degrees, the above equat 


may be written 


! 
~ ty +273 


logy, T 


+ 7432070.43420 


For a particular set of observations at the 1 
point, fp =1068.9° C. Substituting in eq 3, w 
A, = 0.6533 and T 1455.2 
For a particular set of observations at the co 
point, fp=1093.6° C. Substituting in eq 3, wi 
h, = 0.6531 and 7 0.02625, we have t, = 1494.7°( 
A summary of the observational data is listed 
table 3. 


0.02625, we have ft, 


TABLE 3 Summary of determinations of th: 
points oj nickel and cobalt 

Nickel ( 

——— Absorption device A verage \ 
num Number value of Number 
of freezes freezing of fr 
point 

F-16 Glass No. 1 0 1,455.0 
F-1 Sector No. 2 2 1,455.3 

L-1 Glass No. 1 IS 1,455 2 
L-1 Sector No. 2 7 1,455. 0 
Weighted mean 1, 455. 2 


An estimate of the errors entering into 
measurement of the 


nickel and cobalt are given in table 4. 


freezing temperatures 


In view of the estimated uncertainties 

values of the freezing points of the sample 
nickel and cobalt have been rounded to | 45° 
for nickel and 1,495° C for cobalt, with a 

certainty of 1° C. 
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art TaBLe 4.—Estimate of uncertainties 
of 
Equivalent in 
r leg C, with 
Source ‘Sie: 
L 4 
Sector Glass 
is _ - 
of sector 1 
h as velength 3 
f absorption glass 8 
eT Y \ matching 
but eDa n black-body conditions 2 2 
juat M m, if all are of the same sign 0.9 1 


The ratios of brightness, R, of black bodies at 
rp he freezing point of nickel and cobalt to a black 
dy at the gold point may be obtained by sub- 


tituting in the equation 


ual ’ > J, C, logio é l l 
logio R=logio pe i, ( i336 ~t—273 ) 


where \A,—0.6533, R—41.40. For 
0.6532, R=54.99. 


‘or nickel. 
robalt . = here r, 


V. Calculation of the value of C, in 
M Planck’s law of radiation 


Using the values of the freezing points of gold, 
ickel, and cobalt as determined by Day and 
)so(fposman, and the above values of the ratios of 
rightness, values of the constant C, in Planck’s 
aw of radiation can be calculated. For simplic 
ty, Wien’s law is used in the calculations as it 


ome 


elds the same values as those computed from 
‘lanck’s law in the temperature range investigated. 
\s the values of Day and Sosman for the tempera- 
ires of the various fixed points are on the con- 
tant-volume nitrogen scale, small corrections are 
lecessary to convert them to the thermodynamic 


cale.” © Wien’s law yields the following expres- 
on for C’ 
X log oe 
‘ at * - 
C; : (4) 
2 4 


1336) «t4-273 


In addition to the samples of nickel and cobalt 


reczing Points of Cobalt and Nickel 








used in the present work, Fairchild, Hoover, and 
Peters" have measured J;/J,4,, for a sample of 
palladium that was compared with the palladium 
used by Day and Sosman and found to have the 
same freezing point to within 0.1°C. Table 5 
lists the values of C, as derived from these points. 


TaBLe 5.—Values of Cy, based on optical and gas ther- 


mometry 


Tempera- 
ture ® rhermo- > 
Fixed point (Day and | dynamic log, j x10" ( 
Sosman scale wae 
gas scale) 
Cc Cc cm degrees 
Au 1062. 4 1062. 6 
Ni 1452.7 1453. 1 2, 433 1. 4304 
( 1490, 1491.0 2. 618 1 4394 
Pd 149.4 1549.8 2, 879 1. 4382 
Mean 1. 4382 


*® These values are the unweighted means of the individual determinations 
of Day and Sosman and are slightly different from the weighted means re- 


ported by them, 


Since the adoption of the International Temper- 
ature Scale in 1927 there has been considerable 
evidence to indicate that the value of 1.432 as- 
signed to C, is low. The International Conference 
of Weights and Measures was scheduled to con- 
sider revision of the temperature scale in 1939 but 
failed to meet because of the unsettled political 
conditions. One of the proposed revisions was 
to inerease the value of C, to 1.436 cm degrees. 
Since 1939 there has been evidence that the value 
should be still higher. 

A value of the constant (, may be arrived at by 
a number of methods. Wensel ” discusses these 
methods and summarizes the values of (, as 
obtained from the various sources. 

The particular value of C, that was given the 
greatest weight was that derived from the atomic 
constants. In the most recent summary of the 
physical Birge * gives a value of 


1.4384, cm degrees for (5. 


constants, 


WASHINGTON, June 6, 1947. 
C. O. Fairchild, W. H. Hoover, and M. F. Peter 
31, (1929) RP6S 
H. T. Wensel Jour. Research N BS 22, p. 375 (1939) RP1189 
RK. T. B , Rev. Modern Phys. 13, 233, (1941 
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